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1. INTRODUCTION

This paper gives a relatively simple, well behaved solution to the problem of many in-
struments in heteroskedastic data. Such settings are common in microeconometric ap-
plications where many instruments are used to improve efficiency and allowance for
heteroskedasticity is generally important. The solution is a Fuller (1977) like estimator
and standard errors that are robust to heteroskedasticity and many instruments. We
show that the estimator has finite moments and high asymptotic efficiency in a range
of cases. The standard errors are easy to compute, being like White’s (1982), with addi-
tional terms that account for many instruments. They are consistent under standard,
many instrument, and many weak instrument asymptotics. They extend Bekker’s (1994)
standard errors to the heteroskedastic case.

The estimator that we refer to as HFUL is based on a jackknife version of the limited-
information maximum likelihood (LIML) estimator, referred to as HLIM. The name
HFUL is an abbreviation for the heteroskedasticity robust version of the Fuller (1977)
estimator, while HLIM stands for the heteroskedasticity robust version of the LIML es-
timator. We show that HFUL has moments and, in Monte Carlo experiments, has much
lower dispersion than HLIM with weak identification, an advantage analogous to that
of the Fuller (1977) estimator over LIML with homoskedasticity. Hahn, Hausman, and
Kuersteiner (2004) pointed out this problem for LIML and we follow them in referring to
it as the “moments problem,” because large dispersion corresponds to nonexistence of
moments there.

HFUL is robust to heteroskedasticity and many instruments because of its jack-
knife form. Previously proposed jackknife instrumental variable (JIV) estimators are also
known to be robust to heteroskedasticity and many instruments; see Phillips and Hale
(1977), Blomquist and Dahlberg (1999), Angrist, Imbens, and Krueger (1999), Ackerberg
and Deveraux (2003), and Chao and Swanson (2004). HFUL is better than these estima-
tors because it is as efficient as LIML under many weak instruments and homoskedastic-
ity, and so overcomes the efficiency problems for JIV noted in Davidson and MacKinnon
(2006). Thus, HFUL provides a relatively efficient estimator for many instruments with
heteroskedasticity that does not suffer from the moments problem.

Bekker and van der Ploeg (2005) proposed an interesting consistent estimators with
many dummy instrumental variables and group heteroskedasticity, but these results
are restrictive. For high efficiency, it is often important to use instruments that are not
dummy variables. For example, linear instrumental variables can be good first approx-
imations to optimal nonlinear instruments. HFUL allows for general instrumental vari-
ables and unrestricted heteroskedasticity, as does the asymptotics given here.

Newey and Windmeijer (2009) showed that the continuously updated generalized
method of moments estimator and other generalized empirical likelihood estimators are
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robust to heteroskedasticity and many weak instruments, and asymptotically efficient
under that asymptotics relative to JIV. However, this efficiency depends on using a het-
eroskedasticity consistent weighting matrix that can degrade the finite sample perfor-
mance of continuously updated estimators (CUE) with many instruments, as shown in
Monte Carlo experiments here. HFUL continues to have good properties under many in-
strument asymptotics, rather than just many weak instruments. The properties of CUE
are likely to be poor under many instruments asymptotics due to the heteroskedastic-
ity consistent weighting matrix. Also CUE is quite difficult to compute and tends to have
large dispersion under weak identification, which HFUL does not. Thus, relative to CUE,
HFUL provides a computationally simpler solution with better finite sample properties.

The need for HFUL is motivated by the inconsistency of LIML and the Fuller (1977)
estimator under heteroskedasticity and many instruments. The inconsistency of LIML
was pointed out by Bekker and van der Ploeg (2005) and Chao and Swanson (2004) in
special cases. We give a characterization of the inconsistency here, showing the precise
restriction on the heteroskedasticity that would be needed for LIML to be consistent.

The asymptotic theory we consider allows for many instruments as in Kunitomo
(1980) and Bekker (1994) or many weak instruments as in Chao and Swanson (2004,
2005), Stock and Yogo (2005), Han and Phillips (2006), and Andrews and Stock (2007).
The asymptotic variance estimator will be consistent for any of standard, many instru-
ment, or many weak instrument asymptotics. Asymptotic normality is obtained via a
central limit theorem that imposes weak conditions on instrumental variables, given
by Chao, Swanson, Hausman, Newey, and Woutersen (2012b). Although the inference
methods will not be valid under the weak instrument asymptotics of Staiger and Stock
(1997), we do not consider this to be very important. Hansen, Hausman, and Newey’s
(2008) survey of the applied literature suggests that the weak instrument approximation
is not needed very often in microeconomic data, where we focus our attention.

In Section 2, the model is outlined and a practitioner’s guide to the estimator is given.
We give there simple formulae for HFUL and its variance estimator. Section 3 motivates
HLIM and HFUL as jackknife forms of LIML and Fuller (1977) estimators, and discusses
some of their properties. Section 5 presents our Monte Carlo findings, while our con-
clusion is given in Section 6. The Appendix gives a theorem on the existence of mo-
ments of HFUL and also presents proofs of our asymptotic results. The proof of the exis-
tence of moments theorem can be found in a supplementary file on the journal website,
http://qeconomics.org/supp/89/supplement.pdf.

2. THE MODEL AND HFUL

The model we consider is given by
y =X 80 + €,
nx1 nxG Gx1 nxl1
X=Y+U,

where n is the number of observations, G is the number of right-hand side variables, Y
is a matrix of observations on the reduced form, and U is the matrix of reduced form
disturbances. For our asymptotic approximations, the elements of Y will be implicitly
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allowed to depend on r, although we suppress dependence of Y on » for notational con-
venience. Estimation of 8y will be based on an n x K matrix, Z, of instrumental variable
observations with rank(Z) = K. We will assume that Z is nonrandom and that observa-
tions (&;, U;) are independent across i and have mean zero. Alternatively, we could allow
Z to be random, but condition on it, as in Chao et al. (2012b).

In this model, some columns of X may be exogenous, with the corresponding
columns of U being zero. Also, this model allows for Y to be a linear combination of Z,
thatis, Y = Z for some K x G matrix 7. The model also permits Z to approximate the
reduced form. For example, let X/, Y/, and Z/ denote the ith row (observation) of X, Y,
and Z, respectively. We could let Y; = fy(w;) be a vector of unknown functions of a vec-
tor w; of underlying instruments and let Z; = (p1g (w;), ..., pxk(w;))’ be approximating
functions py g (w), such as power series or splines. In this case, linear combinations of
Z; may approximate the unknown reduced form (e.g., as in Newey (1990)).

To describe HFUL, let

P=72Z'2)"'7,

let P;; denote the ijth element of P, and let X =[y,X].Let X ; be a row vector consisting
of the ith row of X and let

& be the smallest eigenvalue of (X'X)"H(X'PX — 1| P X;X)).
Although this matrix is not symmetric, it has real eigenvalues.! For a constant C, let
a=la—(1—a&cC/nl/[1 -1 —a&C/n].

In the Monte Carlo results given below, we try different values of C and recommend
C = 1.2 HFUL is given by

n -1 n
&= (X’PX - PiXX] - &X’X) <X’Py — > PiXiyi— &X’y). (1
i=1 i=1

Thus, HFUL can be computed by finding the smallest eigenvalue of a matrix and then
using this explicit formula.

To describe the asymptotic variance estimator, let &; = y; — X ;3, y=X'8/3 X =
X -39, X=PX,and Z = Z(Z'Z)~L. Also let

n
H=XPX - PyX;X|—aX'X,

i=1

Note that solving det{(X'X)~"(X'PX — "% | P;;X;X|) — AI} = 0 is equivalent to solving det{(X'PX —
Y PiX: X)) — MX'X)} = 0. Moreover, this is equivalent to solving det{(X'X)!/2} det{(X'X)"V2(X'PX —
h Pii)_(i)_(lf)()_(’)_()_l/z — M} det{(X’X)1/2} = 0. As is well know, a sufficient condition for the eigenvalue
to be real is that the matrix is real and symmetric, and this condition is satisfied here almost surely. Thus, A
is real almost surely.

2Fuller (1977) made a degrees of freedom correction in the choice of C; the existence of finite sample
moments and the large sample properties of the estimator are not affected by this correction.
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n
3= Z(Xin — XiPiX| — XiP; X))}
i=1

K K no n !
+y Z( ZikZigXié‘i) (Z Z,»kz,-ngéj) ,
1

k=1¢=1 \i= j=1

The formula for 3 is vectorized in such a way that it can easily be computed even when
the sample size, n, is very large. The asymptotic variance estimator is

V=H'3A"".

This asymptotic variance estimator will be consistent under standard, many instrument,
and many weak instrument asymptotics.

This asymptotic variance estimator can be used to do large sample inference in the
usual way under the conditions of Section 4. This is done by treating § as if it were

normally distributed with mean 8, and variance V. Asymptotic ¢-ratios & i/ I%j will be
asymptotically normal. Also, defining ¢, as the 1 — «/2 quantile of a N (0, 1) distribution,

an asymptotic 1 — « confidence interval for 8y is given by 8y & gay/ Vik. More generally, a

confidence interval for a linear combination ¢’8 can be formed as ¢'8 4 g4V ¢’V ¢. We find
in the Monte Carlo results that these asymptotic confidence intervals are very accurate
in a range of finite sample settings.

3. CONSISTENCY WITH MANY INSTRUMENTS AND HETEROSKEDASTICITY

In this section, we explain the HFUL estimator, why it has moments, why it is robust
to heteroskedasticity and many instruments, and why it has high efficiency under ho-
moskedasticity. We also compare it with other estimators and briefly discuss some of
their properties. To do so, it is helpful to consider each estimator as a minimizer of an
objective function. As usual, the limit of the minimizer will be the minimizer of the limit
under appropriate regularity conditions, so estimator consistency can be analyzed us-
ing the limit of the objective function. This amounts to a modern version of method of
moments interpretations of consistency that has now become common in econometrics
(Amemiya (1973, 1984), Newey and McFadden (1994)).

To motivate HFUL, it is helpful to begin with two-stage least squares (2SLS). The
2SLS estimator minimizes

Qas15(8) = (y — X8) P(y — X8)/n.
The limit of this function will equal the limit of its expectation under general conditions.

With independent observations,

E[Q2s15(8)] = (8 — 80)' An(8 — 80) + Y _ PuEl(y; — X[8)*1/n,

i=1

n
Ay =Y'PY/n=> P;Y;Y{/n.
i=1
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The matrix A4, will be positive definite under conditions given below, so that the first
term (8 — 89)' A,(8 — 8p) will be minimized at §;. The second term ) ; PiE[(yi —
X ;6)2] /n is an expected squared residual that will not be minimized at 5y due to en-
dogeneity. With many (weak) instruments, P;; does not shrink to zero (relative to the
first term), so that the second term does not vanish asymptotically (relative to the first).
Hence, with many (weak) instruments, 2SLS is not consistent, even under homoskedas-
ticity, as pointed out by Bekker (1994). This objective function calculation for 2SLS is also
given in Han and Phillips (2006), though the following analysis is not.

A way to modify the objective function so that it gives a consistent estimator is to
remove the term whose expectation is not minimized at §y. This leads to an objective
function of the form

Onv(8) = Z(Yi — X;8) Pjj(yj — X;8)/n.
i#]

The expected value of this objective function is
E[Qqv(8)] = (8 — 80)' An(8 — 80),

which is minimized at 6 = §;. Thus, the estimator minimizing QHV(S ) should be consis-
tent. Solving the first order conditions gives

-1
Sy = (Z X;Pinj) > X|Pyy;.
I#] I#]

This is the JIVE2 estimator of Angrist, Imbens, and Krueger (1999). Since the objective
function for 8jv has expectation minimized at 8y, we expect that dyry is consistent, as has
already been shown by Ackerberg and Deveraux (2003) and Chao and Swanson (2004).
Other JIV estimators have also been shown to be consistent in these papers.

So far, we have only used the objective function framework to describe previously
known consistency results. We now use it to motivate the form of HFUL (and HLIM).

A problem with JIV estimators, pointed out by Davidson and MacKinnon (2006), is
that they can have low efficiency relative to LIML under homoskedasticity. This problem
can be avoided by using a jackknife version of LIML. The LIML objective function is

(y—X8)'P(y—X9)

) 8) = .
OriML(8) (= X8)(y — X5)

The numerator of QLIML(B) is ansLs( ). If we replace this numerator with nQHV( 5), we
obtain

> (i — X[8) Pj(yj — X;8)
OnLim(8) = el

(y—Xo6)(y—X0)

The minimizer of this objective function is the HLIM estimator that we denote by 4.
This estimator is consistent with many instruments and heteroskedasticity. It is also as
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efficient asymptotically and performs as well in our Monte Carlo results as LIML under
homoskedasticity, thus overcoming the Davidson and MacKinnon (2006) objection to
JIV.

The use of the JIV objective function in the numerator makes this estimator consis-
tent with heteroskedasticity and many instruments. In large samples, the HLIM objec-
tive function will be close to

EnQuv®)] (5 80)An(8 — )
El(y-X8)(y—X8)] Ely—X3)'(y—X3)]

This function is minimized at 6 = §j, even with heteroskedasticity and many instru-
ments, leading to consistency of HLIM.

Computation of HLIM is straightforward. For X = [y, X1, the minimized objective
function a = QHLIM(S) is the smallest eigenvalue of (X' X)~'(X'PX — Y PiX; X 0.
Solving the first order conditions gives

n -1 n

&= <X’PX - Zpi,-xixg - &X’X) <X’Py — ZP,-,-X,-yi - &X’y).
i=1 i=1

The formula for HLIM is analogous to that of LIML where the own observation terms

have been removed from the double sums involving P. Also, HLIM is invariant to nor-

malization, similarly to LIML, although HFUL is not. The vector d = (1, —&’)’ solves

n
d <X’PX = Pl-i)'(i)'(;> d
min =1 .
d:d;=1 dX'Xd

Because of the ratio form of the objective function, another normalization, such as im-
posing that another d is equal to 1, would produce the same estimator, up to the nor-
malization.

Like LIML, the HLIM estimator suffers from the moments problem, having large dis-
persion with weak instruments, as shown in the Monte Carlo results below. Hahn, Haus-
man, and Kuersteiner (2004) suggested the Fuller (1977) estimator as a solution to this
problem for LIML. We suggest the HFUL as a solution to this potential problem with
HLIM. HFUL is obtained analogously to Fuller (1977) by replacing the eigenvalue & in
the HLIM estimator with @ = [@ — (1 — &)C/n]/[1 — (1 — &)C/n], giving the HFUL estima-
tor of equation (1). We show that this estimator does have moments and low dispersion
with weak instruments, thus providing a solution to the moments problem.

HFUL, HLIM, and JIV are members of a class of estimators of the form

n -1 n
5= (X/PX - Z PiX; X, — &X’X) (X/Py — ZP”»X,» Vi — &X’y).
i=1 i=1

This might be thought of as a type of k-class estimator that is robust to heteroskedas-
ticity and many instruments. HFUL takes this form as in equation (1); HLIM does with
a = & and JIV does with a& = 0.
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HLIM can also be interpreted as a jackknife version of the continuously updated
GMM estimator, and as an optimal linear combination of forward and reverse JIV esti-
mators, analogously to Hahn and Hausman'’s (2002) interpretation of LIML as an optimal
linear combination of forward and reverse bias corrected estimators. For brevity, we do
not give these interpretations here.

HFUL is motivated by the inconsistency of LIML and Fuller (1977) with many instru-
ments and heteroskedasticity. To give precise conditions for LIML inconsistency, note
that in large samples, the LIML objective function will be close to

. > PyE[(yi — X[8)*]
E[QOs15(8)] _ (56— 80) Ay (8 — 8p) =
E[(y—X8)(y—X8)] El(y—X8'(y—X8] El(y—X8'(y—XdI

The first term following the equality will be minimized at §y. The second term may not
have a critical value at §j, so the objective function will not be minimized at §y. To see
this, let O'iz = E[s%], Vi = E[Xiai]/oiz, and y =Y " E[X;&il/ > 1 0'1-2 =) yiO'l-z/ > 0'i2.
Then

> PiE[(yi — Xi8)*] ) )
% i:1n = n—2 |:Z PiE[X;&;] — Zpii(r,-zi/]
> El(i— Xi8)°] Y oF it i=1

i=1 5=8 i=1

n
-2 Pilyi— 1o}
==l = —2Cov,>(Py, vi),

n
2o
i=1

where Covzl?,-,-, vi) is the covariance between P;; and v;, for the distribution with prob-
ability weight o7/ 3", o7 for the ith observation. When

lim_Cov,2(Pi, yi) #0,
n—oo

the LIML objective function will not have a zero derivative at 8, asymptotically, so it is
not minimized at §j. Bekker and van der Ploeg (2005) and Chao and Swanson (2004)
pointed out that LIML can be inconsistent with heteroskedasticity; the contribution
here is to give the exact condition lim,,_, o COV(ZP\ii, vi) = 0 for consistency of LIML.
Note that COV(;(—P\i,', vi) = 0 when either y; or P;; does not depend on i. Thus, it is
variation in y; = E[X¢&;]/ O'iz, the coefficients from the projection of X; on ¢;, that leads
to inconsistency of LIML, and not just any heteroskedasticity. Also, the case where P;; is
constant occurs with dummy instruments and equal group sizes. It was pointed out by
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Bekker and van der Ploeg (2005) that LIML is consistent in this case, under heteroskedas-
ticity. Indeed, when P;; is constant,

ZPii(Yi —X§5)2

DumL(8) = Onm(8) + — = Ouum(®) + Py,
OumL(8) = OHLM(0) + = X8y (y— X8) Ouum(8) + Py

so that the LIML objective function equals the HLIM objective function plus a constant,
and hence HLIM equals LIML.

When the instrumental variables are dummy variables, HLIM can be related to the
method of moments (MM) estimator of Bekker and van der Ploeg (2005). Both are mini-
mizers of ratios of quadratic forms. In notes that are available from the authors, we show
that the numerator of the quadratic form for the MM estimator can be interpreted as
an objective function that is minimized by the JIVE1 estimator of Angrist, Imbens, and
Krueger (1999). In this sense, the MM estimator can be thought of as being related to the
JIVE1 estimator, while we use the numerator from the JIVE2 estimator. The denomina-
tor of the MM estimator is different than (y — X8)'(y — X §), but has a similar effect of
making the MM estimator have properties similar to LIML under homoskedasticity and
Gaussian disturbances.

4. ASYMPTOTIC THEORY

Theoretical justification for the estimators is provided by asymptotic theory where the
number of instruments grows with the sample size. Some regularity conditions are im-
portant for this theory. Let Z}, &;, U], and Y] denote the ith row of Z, &, U, and Y, re-
spectively. Here, we will consider the case where Z is constant, which can be viewed as
conditioning on Z (see, e.g., Chao et al. (2012b)).

AssuMPTION 1. Z includes among its columns a vector of ones, rank(Z) = K, and there
is a constant C such that Pi; <C <1(i=1,...,n), K — oo.

The restriction that rank(Z) = K is a normalization that requires excluding redun-
dant columns from Z. It can be verified in particular cases. For instance, when w; is a
continuously distributed scalar, Z; = pX(w;), and pyg(w) = wk=1 it can be shown that
Z'Z is nonsingular with probability 1 for K < n.3 The condition P; < C < 1 implies that
K/n<C,because K/n=7) 1 Piij/n<C.

The next condition specifies that the reduced form Y; is a linear combination of a set
of variables z; having certain properties.

AssuMPTION 2. Y; = S,z;//n, where S, = S’diag(,uln,...,ug,,) and S is nonsingu-
lar. Also, for each j, either wj, = /n or wjn//n — 0, wp = min|<j<G pj, — oo, and
VK/u2 — 0. Also, there is C > 0 such that | Y1, ziz\/n|| < C and Anin(31_; ziZi/n) >
1/C for n sufficiently large.

3The observations wy, ..., w, are distinct with probability 1 and, therefore, by K < n, cannot all be roots

of a Kth degree polynomial. It follows that for any nonzero a, there must be some i with a’'Z; = o’ pK(wl-) #0,
implying thata’Z' Za > 0.
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This condition is similar to Assumption 2 of Hansen, Hausman, and Newey (2008). It
accommodates linear models where included instruments (e.g., a constant) have fixed
reduced form coefficients and excluded instruments have coefficients that can shrink as
the sample size grows. A leading example of such a model is a linear structural equation
with one endogenous variable,

yi = Z}1801 + 8o XiG + €i, )

where Z;; is a G| x 1 vector of included instruments (e.g., including a constant) and
Xic is an endogenous variable. Here the number of right-hand side variables is G| +
1 =G. Let the reduced form be partitioned conformably with §, as Y; = (Z/;, Yic)" and
U; = (0, U;) . Here the disturbances for the reduced form for Z;; are zero because Z;; is
taken to be exogenous. Suppose that the reduced form for X;; depends linearly on the
included instrumental variables Z;; and on an excluded instrument z;; as in

Xic=Yic+Uic, Yic=mZa+ (n/n)ziG.

Here we normalize z;; so that w,, determines how strongly 64 is identified and absorb
into z;; any other terms, such as unknown coefficients. For Assumption 2, we let z; =
(Z},, zic)' and require that the second moment matrix of z; is bounded and bounded
away from zero. This is the normalization that makes the strength of identification of
d¢ be determined by w,. For example, if u, = 4/n, then the coefficient on z;; does not
shrink, corresponding to strong identification of 8. If u,, grows slower than /n, then 8
will be more weakly identified. Indeed, 1/, will be the convergence rate for estimators
of 8. We require w, — oo to avoid the weak instrument setting of Staiger and Stock
(1997), where 8¢ is not asymptotically identified.
For this model, the reduced form is

=zt iz =L 1110 i) (o)
Tl mZa+ (ua/Vmzic ] Lm 110 /vl \zic)”

This reduced form is as specified in Assumption 2 with

= I 0

Sy = ]7 Mjn:\/?ly 1<j=<Gy, MGn = Mn-
_7T1 1

Note how this somewhat complicated specification is needed to accommodate fixed re-
duced form coefficients for included instrumental variables and excluded instruments
with identifying power that depends on n. We have been unable to simplify Assump-
tion 2 while maintaining the generality needed for such important cases.

We will not require that z;; be known, only that it be approximated by a linear com-
bination of the instrumental variables Z; = (Z};, Z},)". Implicitly, it is also allowed to
depend on n, as is Z;;. One important case is where the excluded instrument z;; is an
unknown linear combination of the instrumental variables Z; = (Zl/.1 , Z;z)’. For example,
one of the cases examined in the many weak instrument setting of Chao and Swanson

(2005) is where the reduced form is given by

Yig =mZa + (m/n) Zi
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for a K — G| dimensional vector Z;; of excluded instrumental variables. This particular
case can be folded into our framework by specifying that

zig =mZpn/VK — G, wn=+vK - Gj.

Assumption 2 will then require that

SN2 n=K -G 'Y (@ Zn)?/n

is bounded and bounded away from zero. Thus, the second moment Zi(rréZig)z/ n of
the term in the reduced form that identifies 6o must grow linearly in K, leading to a
convergence rate of 1//K — Gy = 1/u,.

In another important case, the excluded instrument z;; could be an unknown func-
tion that can be approximated by a linear combination of Z;. For instance, suppose that
zig = fo(w;) for an unknown function fy(w;) of variables w;. In this case, the instrumen-
tal variables could include a vector pK(wi)dzef(le(wi), .oy PK—G,,k(w;))" of approxi-
mating functions, such as polynomials or splines. Here the vector of instrumental vari-
ables would be Z; = (Z},, pX(w;)"). For w, = /n, this example is like Newey (1990),
where Z; includes approximating functions for the reduced form but the number of in-
struments can grow as fast as the sample size. Alternatively, if w, //n — 0, it is a modi-
fied version where 8 is more weakly identified.

Assumption 2 also allows for multiple endogenous variables with a different strength
of identification for each one, leading to different convergence rates. In the above exam-
ple, we maintained the scalar endogenous variable for simplicity.

The w2 can be thought of as a version of the concentration parameter, determining
the convergence rate of estimators of §y¢, just as the concentration parameter does in
other settings. For ,u% = n, the convergence rate will be /n, where Assumptions 1 and 2
permit K to grow as fast as the sample size, corresponding to a many instrument asymp-
totic approximation like Kunitomo (1980), Morimune (1983), and Bekker (1994). For ,u,zz
growing slower than n, the convergence rate will be slower than 1/./n, leading to an
asymptotic approximation like that of Chao and Swanson (2005).

AssumpTION 3. There is a constant C > 0 such that (&1, U1), ..., (&n, Uy) are indepen-
dent, with E[e;] =0, E[U;]1 =0, E[¢7] < C, E[|U;|*] < C, Var((e;, U})) = diag(2}, 0), and
/\min(Z?zl QT/”) >1/C.

This assumption requires the second conditional moments of disturbances to be
bounded. It also imposes uniform nonsingularity of the variance of the reduced form
disturbances, which is useful in the consistency proof, to help the denominator of the
objective function stay away from zero.

AssUMPTION 4. Thereis a wg, such thaty !, |zi — 7TK,,Zi||2/n — 0.



222 Hausman, Newey, Woutersen, Chao, and Swanson Quantitative Economics 3 (2012)

This condition and P;; < C < 1 will imply that for a large enough sample,

n n
An=Y'PY/n=Y "PyY;Y;/n=> (1-Pi)YiY;/n—Y'(I-P)Y/n
i=1 i=1

= Z(l — P,‘i)Yl‘Yi//n-i- oH)y=(1- C)Z Yle//n7

i=1 i=1

so that A, is positive definite in large enough samples. Also, Assumption 4 is not very
restrictive, because flexibility is allowed in the specification of Y;. If we simply make Y;
the expectation of X; given the instrumental variables, then Assumption 4 holds auto-
matically.

These conditions imply estimator consistency:

THEOREM 1. If Assumptions 1-4 are satisfied and either (i) & is HLIM, (i) 5 is HFUL, or
(iii) & = 0, (u2/n), then u;'S,(5 — 89) > 0 and § 2> &.

This result gives convergence rates for linear combinations of §. For instance, in the
above example, it implies that &; is consistent and that 7,6 + 6% = 0, (un/v/1).
For asymptotic normality, it is helpful to strengthen the conditions on moments.

AssUMPTION 5. There is a constant, C > 0, such that with probability 1, >, lzill*/
n* — 0, E[&}]1 < C, and E[||\U;|*] < C.

To state a limiting distribution result, it is helpful to also assume that certain ob-
jects converge and to allow for two cases of growth rates of K relative to u2. Also, the
asymptotic variance of the estimator will depend on the growth rate of K relative to u?.
L~et o? =~E~[s%] and y, = Y1, E[U;eil/ Y1, 02, U = U — &y, having ith row U’; and let
0; = E[U;U]].

ASSUMPTION 6. w,S; ! — Sy and either of the following cases holds:

Casel. K/u2 — a for finite a.

Casell. K /u2 — oo.

Also Hp =limy—00 Y11 (1 — Pip)ziz}/n, Sp = lim, o0 Y11 (1 — Pi)*ziz}o?/n, and
W =limy— o0 Y. s PA(07ELU;UN) + EU;81E[8;Uj1) /K exist.

This convergence condition can be replaced by an assumption that certain matrices
are uniformly positive definite without affecting the limiting distribution result for ¢-
ratios given in Theorem 3 below (see Chao et al. (2012b)).

We can now state the asymptotic normality results. In Case I, we have that

;oA d
S,(6 —8p) — N(0, Ap), 3)
where

Ar=Hp'SpHp' + aHp 'Sy WS Hp'.
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In Case II, we have that

(n/ VKOS, (5 — 89) 5 N (0, Aw), @)
where

An=Hp'SoWSyHp".

The asymptotic variance expressions allow for the many instrument sequence of Kunit-
omo (1980) and Bekker (1994), and the many weak instrument sequence of Chao and
Swanson (2004, 2005). In Case I, the first term in the asymptotic variance, Aj, corre-
sponds to the usual asymptotic variance, and the second term is an adjustment for the
presence of many instruments. In Case II, the asymptotic variance, Ay, only contains
the adjustment for many instruments. This is because K is growing faster than u2. Also,
Aq will be singular when included exogenous variables are present.
We can now state an asymptotic normality result.

THEOREM 2. IfAssumptions 1-6 are satisfied and & = a+ O, (1/n) or & is HLIM or HFUL,
then in Case 1, equation (3) is satisfied, and in Case 11, equation (4) is satisfied.

It is interesting to compare the asymptotic variance of the HFUL estimator with that
of LIML when the disturbances are homoskedastic. First, note that the disturbances are
not restricted to be Gaussian and that the asymptotic variance does not depend on third
or fourth moments of the disturbances. In contrast, the asymptotic variance of LIML
does depend on third and fourth moment terms for non-Gaussian disturbances; see
Bekker and van der Ploeg (2005), Hansen, Hausman, and Newey (2008), and van Has-
selt (2010). This makes estimation of the asymptotic variance simpler for HFUL than for
LIML. It appears that the jackknife form of the numerator has this effect on HFUL. Delet-
ing the own observation terms in effect removes moment conditions that are based on
squared residuals. Bekker and van der Ploeg (2005) also found that the limiting distri-
bution of their MM estimator for dummy instruments and group heteroskedasticity did
not depend on third and fourth moments.

Under homoskedasticity, the variance of (¢;, U]) will not depend on i (e.g., so that
crl.z =0?). Then y, = E[X,&;]/0* = y and E[U;e;] = E[U;&;] — yo2 =0, so that

n
Sp=0’Hp, Hp= lim Y (1—P;y)’zzj/n,

n
20T T . 2
¥ =¢”E[U;U]] (1 — nhjlePii/K>.
i=1
Focusing on Case [, letting I" = ad?SyE [U; Ui’ ]S(), the asymptotic variance of HLIM is
n

_ 2-115 -1 : 2 -1 -1
V =o*H, ' HpHp +nh_r)noo<1—ZPii/K>Hp ra;'.
i=1
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For the variance of LIML, assume that third and fourth moments obey the same restric-
tions that they do under normality. Then from Hansen, Hausman, and Newey (2008), for
H =lim, Y i, ziz;/nand r =lim,_, . K/n, the asymptotic variance of LIML is

V*=c?H '+ 1 -7n"'H'rH!.

With many weak instruments, where 7 = 0 and max;<, P;; —> 0, we will have Hp =
Hp = H and lim,_, ZiPiZl./K — 0, so that the asymptotic variances of HLIM and
LIML are the same and are equal to o°H~! + H~'I"'H~!. This case is most important
in practical applications, where K is usually very small relative to ». In such cases, we
would expect from the asymptotic approximation to find that the variances of LIML and
HLIM are very similar.

In the many instruments case, where K and u2 grow as fast as n, it turns out
that we cannot rank the asymptotic variances of LIML and HLIM. To show this, con-
sider an example where p = 1, z; alternates between —z and z for z # 0, S, = /n (so
that Y; = z;), and z; is included among the elements of Z;. Then, for 0= E[lf/iz] and
Kk =lim, o Y1y P2/K, we find that

5 -
* _ o _ 2 _Q
V-V —722(1_7)2(77( T )(1 22).

Since 7k — 72 is the limit of the sample variance of P;;, which we assume to be positive,
V > V* if and only if 22 > Q. Here, 22 is the limit of the sample variance of z;. Thus,
the asymptotic variance ranking can go either way, depending on whether the sample
variance of z; is greater than the variance of U;. In applications where the sample size is
large relative to the number of instruments, these efficiency differences will tend to be
quite small, because P;; is small.

With many instruments and homoskedasticity, HLIM is asymptotically efficient rel-
ative to JIV. As shown in Chao et al. (2012b), the asymptotic variance of JIV is

Vv = O'ZHEII:IPH;1

n
+ lim (1 -> P; /K) H, ' (I + 2a80E[U;/1El£,U{1S) Hp ',
i=1

which is greater than the asymptotic variance of HLIM because E[U;¢;]E[¢;U}] is posi-
tive semidefinite.

It remains to establish the consistency of the asymptotic variance estimator and to
show that confidence intervals can be formed for linear combinations of the coefficients
in the usual way. The following theorem accomplishes this under additional conditions
on z;.

TueoreMm 3. If Assumptions 1-6 are satisfied, and & = a + O,(1/n) or & is HLIM or
HFUL, there exists a C with ||z;|| < C for all i, and there exists a y, such that max;<, ||zi —
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mnZil| —> 0, then in Case 1, S;ZVSn —p>A1 and in Case 11, M%S;VS,,/K&AH. Also, if
'S, A1Soc # 0 in Case 1 or ¢'SyAnSoc # 0 in Case 11, then

d(5—80) a

N@O,1).
\/c’I}c — M )

This result allows us to form confidence intervals and test statistics for a single linear
combination of parameters in the usual way. To show how the conditions of this result
can be checked, we return to the previous example with one right-hand side endoge-
nous variable. The following result gives primitive conditions in that example for the
last conclusion of Theorem 3, that is, for asymptotic normality of a ¢-ratio.

CoroLLARY 1. Ifequation (2) holds, Assumptions 1-6 are satisfied for z; = (Z;,, zip), & =
a+ Op(1/n) or 8 is HLIM or HFUL, there exists a C with lzill < C for all i, and there
exists a m, such that max;<, || z; — m, Zi|| —> 0, inf; 67 > C and either (a) ¢ # 0 and u2 = n,
(b) K /2 is bounded and (—y, 1)c #0, or () K/u2 — oo, (=, 1)c #0, inf; E[U%,] > 0,
and the sign of E[&;U;g] is constant, then

— N(,1).

vc'Ve

The conditions of Corollary 1 are quite primitive. We have previously described how
Assumption 2 is satisfied in the model of equation (2). Assumptions 1 and 3-6 are also
quite primitive.

This result can be applied to show that ¢-ratios are asymptotically correct when the
many instrument robust variance estimator is used. For the coefficient &, of the en-
dogenous variable, note that ¢ = eg (the G x 1 unit vector with 1 in the last position)
so that (—m1, 1)c = 1 # 0. Therefore, if E[U Z.ZG] is bounded away from zero and the sign of
Ele;Uic] is constant, it follows from Corollary 1 that

d(5—80) da

86 =26 4, yq, 1)
V I}GG

Thus the ¢-ratio for the coefficient of the endogenous variable is asymptotically correct
across a wide range of different growth rates for u, and K. The analogous result holds
for each coefficient §;, j < Gy, of an included instrument as long as m; # 0 is not zero.
If m1; = 0, then the asymptotics is more complicated. For brevity we will not discuss this
unusual case here.

5. MoNTE CARLO RESULTS

In this Monte Carlo simulation, we provide evidence concerning the finite sample be-
havior of HLIM and HFUL. The model that we consider is

Yi =010+ 820x2; +&i, Xxoj=mz1;+ Uy,
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where z;; ~ N (0, 1) and Up; ~ N(0, 1). The ith instrument observation is
Zi=(,z1, 235, 23, 241 21iDit s - - > 21D K —5),

where Dj; € {0, 1}, Pr(Djr =1) =1/2, and z;1 ~ N(0, 1). Thus, the instruments consist of
powers of a standard normal up to the fourth power plus interactions with dummy vari-
ables. Only z; affects the reduced form, so that adding the other instruments does not
improve asymptotic efficiency of HFUL, though the powers of z;; do help with asymp-
totic efficiency of the CUE.

The structural disturbance, ¢, is allowed to be heteroskedastic, being given by

1— 2
e =pU + /mwvl +0.86v2), v ~N(0,2%), v~ N(0, (0.86)%),

where v; and v, are independent of U;. This is a design that will lead to LIML being
inconsistent with many instruments. Here, E[X;¢;] is constant and 0';'2 is quadratic in
z;1,sothat y; = (C1 + Cozj1 + C3zl.21)*1A for a constant vector 4 and constants Cy, C;, C;.
In this case, P;; will be correlated with y; = E[ X &;]/ o-l.2 so that LIML is not consistent.

We report properties of estimators and ¢-ratios for §,. We set n = 800 and p = 0.3
throughout and let the number of instrumental variables be K = 2, 30. For K = 2, the
instruments are (1, z;). We choose 7 so that the concentration parameter is nw? = ,u,2 =
8, 32. We also ran experiments with K = 10 and u? = 16. We also choose ¢ so that the
R-squared for the regression of £ on the instruments is 0, 0.1, or 0.2.

In Tables 1-6, we report results on median bias, the range between the 0.05 and 0.95
quantiles, and the nominal 0.05 rejection frequencies for a Wald test on &, for LIML,
HLIM, Fuller (1977), HFUL (C = 1), JIVE, and CUE. Interquartile range results were sim-
ilar. We find that under homoskedasticity, HFUL is much less dispersed than LIML but
slightly more biased. Under heteroskedasticity, HFUL is much less biased and also much
less dispersed than LIML. Thus, we find that heteroskedasticity can bias LIML. We also
find that the dispersion of LIML is substantially larger than HFUL. Thus we find a lower
bias for HFUL under heteroskedasticity and many instruments, as predicted by the the-
ory, as well as substantially lower dispersion, which, though not predicted by the theory,
may be important in practice.

TaBLE 1. Median bias: Rizlzz =0.2
1

w2 K LIML HLIM FULLL HFUL JIVE CUE
8 2 0.005 0.005 0.042 0.043 ~0.034 0.005
8 10 0.024 0.023 0.057 0.057 0.053 0.025
8 30 0.065 0.065 0.086 0.091 0.164 0.071
32 2 0.002 0.002 0.011 0.011 ~0.018 0.002
32 10 0.002 0.001 0.011 0.011 ~0.019 0.002
32 30 0.003 0.002 0.013 0.013 ~0.014 0.006

aResults based on 20,000 simulations.
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TaBLE 2. Nine decile range: 0.05 to 0.95 R?, , =0.2

szlz% -

[.L2 K LIML HLIM FULL1 HFUL JIVE CUE
8 2 1.470 1.466 1.072 1.073 3.114 1.470
8 10 2.852 2.934 1.657 1.644 5.098 3.101
8 30 5.036 5.179 2.421 2.364 6.787 6.336

32 2 0.616 0.616 0.590 0.589 0.679 0.616

32 10 0.715 0.716 0.679 0.680 0.816 0.770

32 30 0.961 0.985 0.901 0.913 1.200 1.156

aResults based on 20,000 simulations.

TaBLE 3. 0.05 rejection frequencies: Riz‘zz =04
1

e K LIML HLIM FULLL HFUL JIVE CUE
8 2 0.025 0.026 0.021 0.034 0.051 0.012
8 10 0.035 0.037 0.029 0.044 0.063 0.027
8 30 0.045 0.049 0.040 0.054 0.068 0.051

32 2 0.041 0.042 0.037 0.044 0.038 0.030

32 10 0.041 0.042 0.038 0.044 0.046 0.041

32 30 0.042 0.047 0.039 0.050 0.057 0.062

aResults based on 20,000 simulations.

TABLE 4. Median bias: R§2|z2 =022
1

2 K LIML HLIM FULLL HFUL JIVE CUE
8 2 —0.001 0.050 0.041 0.078 —0.031 —0.001
8 10 —0.623 0.094 —0.349 0.113 0.039 0.003
8 30 ~1.871 0.134 ~0.937 0.146 0.148 —0.034

32 2 —0.001 0.011 0.008 0.020 —0.021 —0.001

32 10 ~0.220 0.015 ~0.192 0.024 —0.021 0.000

32 30 ~1.038 0.016 —0.846 0.027 —0.016 —0.017

aResults based on 20,000 simulations.

TABLE 5. Nine decile range: 0.05 t0 0.95 R?, , =0.2.2

szlz%

u? K LIML HLIM FULL1 HFUL JIVE CUE

8 2 2.219 1.868 1.675 1.494 4.381 2.219

8 10 26.169 5.611 4.776 2.664 7.781 16.218

8 30 60.512 8.191 7.145 3.332 9.975 1.5E+012
32 2 0.941 0.901 0.903 0.868 1.029 0.941
32 10 3.365 1.226 2.429 1.134 1.206 1.011
32 30 18.357 1.815 5.424 1.571 1.678 3.563

aResults based on 20,000 simulations.
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TABLE 6. 0.05 rejection frequencies: RiZ\ZZ =0.2.2
1

2 K LIML HLIM FULL1 HFUL JIVE CUE
8 2 0.097 0.019 0.075 0.023 0.026 0.008
8 10 0.065 0.037 0.080 0.041 0.036 0.043
8 30 0.059 0.051 0.118 0.055 0.046 0.094

32 2 0.177 0.040 0.162 0.040 0.039 0.024

32 10 0.146 0.042 0.120 0.044 0.033 0.030

32 30 0.128 0.049 0.107 0.051 0.039 0.073

aResults based on 20,000 simulations.

In addition, in Tables 3 and 6 we find that the rejection frequencies for HFUL are
quite close to their nominal values, being closer than all the rest throughout much of the
tables. Thus, the standard errors we have given work very well in accounting for many
instruments and heteroskedasticity.

6. CONCLUSION

We have considered the situation of many instruments with heteroskedastic data. In this
situation, both 2SLS and LIML are inconsistent. We have proposed two new estimators,
HLIM and HFUL, that are consistent in this situation. We derive the asymptotic normal
distributions for both estimators with many instruments and many weak instrument
sequences. We find that the variances of the asymptotic distributions take a convenient
form, which are straightforward to estimate consistently. A problem with the HLIM (and
LIML) estimator is the wide dispersion caused by the “moments problem.” We demon-
strate that HFUL has finite sample moments so that the moments problem does not
exist.

In Monte Carlo experiments, we find these properties hold. With heteroskedastic-
ity and many instruments we find that both LIML and Fuller have significant median
bias (Table 4). We find that HLIM, HFUL, JIVE, and CUE do not have this median bias.
However, HLIM, JIVE, and CUE all suffer from very large dispersions arising from the
moments problem (Table 5). Indeed, the nine decile range for CUE exceeds 102! The
dispersion of the HFUL estimate is much less than these alternative consistent estima-
tors. Thus, we recommend that HFUL be used in the many instruments situation when
heteroskedasticity is present, which is the common situation in microeconometrics.

APPENDIX A

This appendix is divided into two parts. In the first part, we discuss the existence of mo-
ments of HFUL. In the second part, we give proofs for the theorems stated in the body
of the paper as well as state and prove some preliminary lemmas.
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A.1 Existence of moments of HFUL

Here, we give a formal result that shows the existence of moments of the HFUL esti-
mator. Some additional assumptions must be specified for this result, and we introduce
these conditions below.

AssumPTION 7. (a) K = O(n*) for some real constant a such that 0 <a <1;ifa=1,
then n — K — oo as n — oo; and for all n sufficiently large, there exists a positive con-
stant Cp such that P;; < Cp(K/n) <1 (i=1,...,n). (b) ,u,fl ~ nb for some real constant b

suchthata/2 <b <1.(c) IfK isfixed, then z; = wZ;. (d) g € D C R, where D is bounded.
(&) Amax(S’S) is bounded.

Next, let x V y = max(x, y) and x A y = min(x, y), and define

_av(1—4¢y(a,b))/2_[a 1 a 1
) = b H{§<b5§}+mﬂ{5<bfl}’ ©

where 1(a,b) =2b —a A b, yr(a,b) =2b—a n %, and a and b are as specified in As-
sumption 7. Also, we take the (restricted) reduced form of the instrumental variable (IV)
regression model to be

X=YA+V,

where X =[y X],A=1[6y Ig],andV =[v U].

AssumPTION 8. (i) Let p be a positive integer, let n) be a positive constant, and define
g=0+m2G+1)+ e(a,D)].

There is C > 0 such that E[|[V;||*P1] < C and Y., ||zi||*P/n < C, where V', denotes the ith
row of V. (i) Amin(2 Y1 E(V, V1) is bounded away from zero for n sufficiently large.

Assumption 8 specifies the moment condition on the error process {V;} as depen-
dent on the number of endogenous regressors G, instrument weakness as parameter-
ized by b, and an upper bound on the rate at which the number of instruments grows,
as parameterized by a. Although the function ¢(a, b) that enters into the moment con-
dition seems complicated, it actually depends on ¢ and b in an intuitive way, so that ev-
erything else being equal, more stringent moment conditions are needed in cases with
weaker instruments and/or faster growing K. More stringent moment conditions are
also needed in situations with a larger number of endogenous regressors.

To get more intuition about Assumption 8, consider the following two special cases.
First, consider the conventional case where the instruments are strong and the number
of instruments is fixed, so that « = 0 and b = 1. In this case, it is easy to see that ¢(a, b) =
¢(0, 1) =0, and Assumption 8 requires finite moments up to the order

2pq=4p(G+1)(1+n).
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If we further consider the case with one endogenous regressor (G = 1) and where n can
be taken to be small, then Assumption 8 requires a bit more than an 8th order moment
condition (on the errors) for the existence of the first moment of HFUL and a bit more
than a 16th order moment condition for the existence of the second moment.

Next, consider the many weak instrument case where a = 1/2and a/2=1/4 < b <
1/2. In this case, note that since 2b — a < b, we have

pi1(a,b) =41(1/2,b) =2b—1/2

and

o(a,b) = ¢(1/2,b) = for b e (1/4,1/2],

4b—1
so that 1 < ¢(1/2,b) < co and ¢(1/2,b) is a decreasing function of b. In particular,
note that the required strength of the moment condition grows without bound as b ap-
proaches 1/4.

Proving the existence of moments of HFUL requires showing the existence of certain
inverse moments of det[S, ,], where S, , = X, M X,/(n — K) and X, = [¢ X]. We shall
explicitly assume the existence of such inverse moments below.

AsSuUMPTION 9. There exists a positive constant C and a positive integer N such that
E[(det[S...1) 2P/ < C < 00 (6)
foralln > N, where n) > 0 is as specified in Assumption 8.

In Chao, Hausman, Newey, Swanson, and Woutersen (2012a), we gave an example
of a probability density function for which inverse moments of the form (6) do not ex-
ist and, hence, some condition such as Assumption 9 is needed to rule out pathologi-
cal cases. On the other hand, Assumption 9 is also not vacuous. In particular, it can be
verified, as we do in Theorem 4 below, that this assumption holds for an IV regression
model with heteroskedastic, Gaussian error distributions. However, it should be noted
that normality is not necessary for Assumption 9 to hold, as has been discussed in Chao
etal. (2012a).

THEOREM 4. Suppose that Assumptions 1, 2, and 4 hold. In addition, suppose that the
IV regression model has heteroskedastic, Gaussian errors, that is, {U;} = i.n.i.d.N(0, 07),
where U, is the ith row of U = [e U], and suppose that there exists a constant C > 0 such
that Ay = min; Apin(£27) > C. Then Assumption 9 holds.

A proof of this theorem is given in Appendix A.2.
We now state our existence of moments result.

THEOREM 5. Suppose that Assumptions 1-4 and 7 hold. In addition, suppose that As-
sumptions 8 and 9 are satisfied for some positive p. Then there exists a positive constant
C such that

E[||éuruLll?1 < C < oo
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for n sufficiently large.

A proof of this theorem can be found in a supplementary file on the journal website.

A.2 Proofs of consistency and asymptotic distributional results

Throughout, let C denote a generic positive constant that may be different in differ-
ent uses and let “Markov inequality” denote the conditional Markov inequality. The first
lemma is Lemma A0 from Hansen, Hausman, and Newey (2008).

LEMMA AO. If Assumption 2 is satisfied and ||S,’1(3 — 80)/mnll?/(1 + 1811%) BN 0, then
18,(8 — 80)/ pnll = 0.

We next give a result from Chao et al. (2012b) that is used in the proof of consistency.

Lemma Al (Special Case of Lemma Al of Chao et al. (2012b)). If (W;,Y)) (i=1,...,n)
are independent, W; and Y; are scalars, and P is symmetric, idempotent of rankK,
then for w = E{(W1,...,W)'1, ¥ = E[(Y1,...,Yn)'], Gwn = max,<, Var(Wp)'/?, &y, =
maX;<p Var( Yi)l/z,

2
E[(Z PyW;Y; — ZP,,wiyj) } < C(Kayy, 6, + 07y, 7 7+ o3, W').
i i]

For the next result, let S, = diag(wn, Sn), X = [e, X]S‘;l/, and H, = > 7 (1 —
Pij)ziz}/n.

LEMMA A2. If Assumptions 1-4 are satisfied and ~'K /u2 — 0, then

> XiPy X =diag(0, Hy) + 0,(1).
i]

Proor. Note that

-1 -1
= (80 ) = (o) + (5007)
X = _ " .
=(§mx) = o)+ (5220
Since ||S; || < Cu;, !, we have Var(X;;) < Cu;,? for any element X;; of X;. Then applying
Lemma Al to each elementof ) ; £ X iPijf( j’ gives

~ - 1/2
Y XX} = diag(o, > ziPi,-z}/n) +0) (K V2t (Z ||z,-||2/n) )
i#] i#] i

= diag(O, Zzipijz}/n) +0,(1).
i#]
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Also note that
H, - ZziP,-jz}/n = Zzizg/n - ZP,-iz,-z;/n — Zz,-Pijz}/n =zU-P)z/n
i#] i i i#]
=(z—Zmyg,) I —P)(z—Zmy,)/n
<(z—Zmy,) (z— Z7mg,)/n

<Ig Y _llzi — mknZill*/n — 0,

L

where the third equality follows by PZ = Z, the first inequality follows by I — P idempo-
tent, and the last inequality follows by A < tr(A)I for any positive semidefinite (p.s.d.)
matrix A4. Since this equation shows that H,, — Z# i ziP,-jz} /n is p.s.d. and is less than
or equal to another p.s.d. matrix that converges to zero, it follows that 3, , ; z,-Pijz;. /n=
H,, + 0,(1). The conclusion follows by the triangle inequality.

In what follows, it is useful to prove directly that the HLIM estimator § satisfies S/, (5 —
80)/pn—>0.

LEMMA A3. If Assumptions 1-4 are satisfied, then S/,(5 — 80)/un 20.

ProoF. Let Y =[0,Y], U =[e, U],and X = [y, X1, so that X = (Y + U)D for
1 0
D= .
[30 1}

Let B = X' X /n. Note that ||S,//7| < C and, by standard calculations, z’U/n —>0. Then
YT /nll = (Su/~/m)2 U/nll < ClZU/n| 0.

Let 2, = Y0, E[U;U/l/n = diag(¥1_, 2¢/n,0) > Cdiag(IG,+1,0) by Assumption 3,
where G, + 1 is the dimension of the number of included endogenous variables. By

the Markov inequality, we have U'U/n — 2, 2> 0, so it follows that with probability ap-
proaching 1 (w.p.a.1),

B=UU+YU+UY+YY)/n=0,+YY/n+0,(1) > Cdiag(IG_c,+1,0).
Since !_2,, +Y l_// n is bounded, it follows that w.p.a.1,
C=<(1,-8)B(1,-8) =(y—X8)(y—X8)/n=Cl(1,-8)*=CA+I8]).

Next, as defined preceding Lemma A2, let S, = diag(un, Sn) and X =[e X ]S‘; 17
Note that by P; < C < 1 and uniform nonsingularity of Y 7 z;z;/n, we have H, >
(1-C)Y L, zizi/n> Clg. Then by Lemma A2, w.p.a.1,

121 d=Ef ZPUX’X]/ > Cdlag(O, Ig).
i#]
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Note that S;D(l, -8 = (tn, (89 — 8)'S,) and X; = D'S, X;. Then w.p.a.1 for all §,

e Y Py — X[8)(yj — X}8)
i#]

=, (1, —5/)(21’5)_{1’)_{})(1, -8
i#]
= 1, 2(1, —8)D'S, AS,D(1, —8") = C|1S},(8 — 80)/pnl*-
Let Q(8) = (n/u3) X .;(yi— X}8)Pyj(y;— X}8)/(y— X 8) (y— X 8). Then by the upper-

left element of the conclusion of Lemma A2, ,u;z > £ giPje;j —2,0. Then w.p.a.l,

n
Y eiPye; / S e2/n
i=1

I#]

L0.

10(80)| =

Since & = argming Q(S), we have Q(S) < Q(SO). Therefore, w.p.a.1, by (y — X&) (y —
X8)/n < C(1+8|?), it follows that

0 < 18506 = 80)/aall®

T S Ce® =c0e) 0,

implying |18, (8 — 80)/mnll?/(1 + [18]1%) -2 0. Lemma A0 gives the conclusion. O

Lemma A4d. IfAssumptions 1-4 are satisfied, & = op(,u,fl/n), and S;(S —680)/tn 2,0, then
fOT Hn = Z?:l(l — P,-i)ziz;/n,

St (Z XiPyX; - aX'X )S;” = Hy+0p(1),
i

S;l(ZXiPijéj - &X/é‘)//.l,n —p>0
i#]

Proor. By the Markov inequality and standard arguments, X'X = O,(n) and X'¢ =
Op(n). Therefore, by [|S, ]| = O(u; 1),

aS; X' XSV = 0,(u2/m)0,(n/ul) 20,
&Sy X 8/ pn = 0p(u2/m)Op(nfu) > 0.
Lemma A2 (lower right-hand block) and the triangle inequality then give the first con-

clusion. By Lemma A2 (off diagonal), we have S;l Zi# XiPjjej/ n N 0, so that

Syt XiPygj/ = 0,(1) — (S;l ZXiPin;-S,jl/)S;I(S — 80)/n 2> 0.

i£] i£] .
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LEMMA A5. If Assumptions 1-4 are satisfied and S/,(5 — 80)/pn 250, then 2 izjcibijej/
ge=o0p(ul/n).

PROOE. Let B = 5/,(5 — 50)/Mn and & = Y, &Pjej/e'e = 0,(u3/n). Note that 52 =
&'8/n satisfies 1/62 = O,(1) by the Markov inequality. By Lemma A4 with & = &,
we have H, = S,;l(z,#XP,,X — aX'X)S, = 0p(1) and W, = S, 1 (X, XiPyej —

aX'e)/mn 2,0,s0

> &iP;E;

i#] . 1 PN A
s &= (Z &iP;ej — Z eiPjjej —a(&'e — 8/8)>
i#] i#]
Mz 5NTT B 5 2
=L = (B HuB—28W,) = op(uy,/n),
n &;
so the conclusion follows by the triangle inequality. O

Proor oF THEOREM 1. First note that if S;,(S — 80)/n LN 0, then by /\min(S,,S;,/,u%) >
Amin(SS”) > 0, we have

155,(8 — 80)/nll = Amin(SnSy/p2) V216 — 8ol = C116 — 8ol

implying 5L 8¢. Therefore, it suffices to show that S;,(S —80)/tn ,0. For HLIM, this
follows from Lemma A3. For HFUL, note that & = Q(S) = Zi# giPjej/g'e = op(uﬁ/n) by
Lemma A5, so by the formula for HFUL, a = a + O,(1/n) = op(;ﬁl/n). Thus, the result
for HFUL will follow from the most general result for any & with @ = o p(,u%l /n). For any
such &, by Lemma A4 we have

S/(8 — 80)/n

-1
=S (Z XiPy X} — &X’X) Z(X,-Pije i —aX'e)/un
i#] i#]

-1
= [s,;l (Z XiPi X — &X?()S;l/} St (XiPyej — aX'e)/un
i#] i#]
= (Hyp+0,(1)) o, (1) L5 0. O

Now we move on to asymptotic normality results. The next result is a central limit
theorem that was proven in Chao et al. (2012b).

LEMmMA A6 (Lemma A2 of Chao et al. (2012b)). If (i) P is a symmetric, idempotent ma-
trix with rank(P) = K, P;; < C < 1, (i) Wi, U, €1), ..., (Wan, Un, €,) are independent
and D,, = Z?:lE[WmWi;] is bounded, (iii) E[W,]1 =0, E[U;] =0, E[e;] = 0, and there
exists a constant C such that E[|U;|*] < C, E[e}] < C, (iv) Y1 E[IIWin|*] — 0, and
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< def
(V) K —> oo, then for 3,='Y,; PX(E[U;U[IE(&7] + E|Uiei1Ele;Uj)) /K and for any se-
quence of bounded nonzero vectors c1, and cy, such that =, = c|,Dyc1n + ¢, 32, > C,
it follows that

n

Y, = 5;1/2 (Z cinI/Vi" + Cén Z U,'P,'jé‘j/\/f) —d> N(,1).
i=1 i#j

Let a(6) = Zi;ﬁj 8,‘(5)P,‘j8j(6)/8(6)/8(5) and

Zgi(S)Piij(a)
8(6)’8(8)}1 i#]
2 J6 £(8)' &(0)

15(5):-[

= XPjjgj(8) — &(8)X'e().
i£]

A couple of other intermediate results are also useful.

LEmMA A7. If Assumptions 1-4 are satisfied and S.,(8 — 8¢)/ un 2,0, then

—S; M 0D(8)/381S, Y = Hy + 0,(1).

PROOF. Let & = £(8) = y — X8, y = X'g/& &, and @ = &(5). Then differentiating gives

D - ) N~ o e
_(9_3(5) = ZXiPin]’- —aX'X -y &Py X} — > XiPyzy +2(88)ayy

i%] i#] i#]
=" XiPj X —aX'X +yD(5) + D)7,
i

where the second equality follows by D(5) = Z# j XiPijgj — (¢'g)ay. By Lemma A5, we
have o = op(uﬁ/n). By standard arguments, y = O, (1) so that Sn_liz = O0p(1/uy). Then
by Lemma A4 and D(5) = Zi# X;Pjej —aX'e,

s (Z XiP; X} — &X’X)Snl’ =H,+0,(1),8,'D(&)yS;" 0.
i#]
The conclusion then follows by the triangle inequality. O

LemMma A8. IfAssumptions 1-4 are satisfied, then for y, =) ; E[U;gi1/ ) ; E[s?] and U; =
Ui — Yné&i,

n
S;lD(ﬁo) = Z(l — Pii)Zié‘i/\/ﬁ + S;l Z Ul’P,'ij + Op(l).
i=1 it
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Proor. Note thatfor W = z/(P—1)e//n, by I — P idempotent and E[e&'] < CI,, we have
EWWW'l<CZ(I-P)z/n=C(z— Zny,) I —P)(z—Z7mg,)/n
n
<Clg Y _llzi — mkn Zill*/n— 0,
i=1

so z/(P —I)e//n=o0,(1). Also, by the Markov inequality,

X'e/n="_E[X&il/n+0,(1/V/n), de/n="Y_o}/n+0y(1/Jn).

i=1 i=1

Also, by Assumption 3, >"7_; o-l.2 /n > C > 0. The delta method then gives y = X'e/e'e =
Yn+ O, (1/4/n). Therefore, it follows by Lemma Al and D(8y) = Zi# XPjej—&'ea(8y)y
that

S1D(8¢) = Z ziPjei/n+S, ! Z UiPijei — S, ' (¥ — yn)&'£d(80)
i#] i#]
=2'Pe/Vn—Y Piziei/Nn+S;' > UiPyej
i i#]
+ 0, (1/ (V1pn))0p(p2 /1)
n
= 2(1 — Pi)ziei/n+ S, Z UiPjjej +0p(1).

i=1 ij O

PROOF OF THEOREM 2. Consider first the case where & is HLIM. Then by Theorem 1,
5L, 8. First order conditions for LIML are D(8) = 0. Expanding gives

A

A oD - A
0=D(50)+%(5)(3—50),

where 5 lies on the line joining & and &, and hence g = w180 (8 — 89) 2, 0. Then by
LemmaA7, H, = S;l[&DA(S)/ﬁB]S;” =Hp+o0,(1). Then (913(8)/(95 is nonsingular w.p.a.1
and solving gives

S (8 —8) =—S,[0D(8)/38] " D(80) = —H; 'S D(8y).
Next, apply Lemma A6 with U; = U; and
Win = (1= Pip)zigi/N/n.

By &; having bounded fourth moment and for P; <1,

n n
Y ENWul‘1=C) llzil*/n* — 0.

i=1 i=1
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By Assumption 6, we have ) ;.| E[W;, W, ] — 3p.Let I = diag(3p, ¥) and

n
> Win
i=1

Zﬁipijsj/“/?
i#]

Ap

Consider ¢ such that ¢’I'c > 0. Then by the conclusion of Lemma A6, we have ¢’ A4, —d>
N0, ' I'c). Also, if ¢’T'c = 0, then it is straightforward to show that ¢’ A4, 2, 0. Then it
follows by the Cramer-Wold device that

n
> W
i=1

ZU,‘P,']'SJ'/\/E
i#]

Ay LN, I), I =diagSp, V).

Next, we consider the two cases. Case I has K/u2 bounded. In this case, vKS,; ! — Sg,
so that

F &1, VKS; 1 — Fo=1[I,VaS,l,  FoI'Fy=3p+ aSy¥sS),
Then by Lemma A8,
STID(80) = FyAn + 0,(1) ~ N(0, 3p + aSo¥'s)),
81 (8 — 89) = —H;1S71D(80) % N(0, Ay).
In Case II, we have K /u2 —> oo. Here
(un/VK)Fy —> Fy=10,5],  Fol'Fy=SVS,
and (u,/vK)o,(1) = 0,(1). Then by Lemma A8,
(n/ VKOS, ' D(80) = (un/ VK Fy A + 0,p(1) ~5 N(0, S WSy,
(n/VE)S(3 — 80) = —Hy, (/YK Sy ' D(80) -4 N (0, Anp). 0

The next two results are useful for the proof of consistency of the variance estimator,
and these results are taken from Chao et al. (2012b). Let py, = max;<, |E[W;]| and py, =
max;<, |[E[Yi]].

Lemma A9 (Lemma A3 of Chao et al. (2012b)). If (W;, Y;) (i=1, ..., n) are independent,
and W; and Y; are scalars, then

Y PIWY; = E[ZP,%-W,-Y,-] +O0p (VK (aWnGyn + Gwnikyn + Awndyn))-
i#] i#]
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LEMmmA A10 (Lemma A4 of Chao et al. (2012b)). If W, Y;, and n;, are independent across
i with EIW;] = a;//n, E[Yi] = bi//n, la;| < C, |bj| < C, E[n?] < C, Var(W;) < Cp,,%, and
Var(Y;) < CM;Z, there exists m, such that max;<y, |a; — Z;m,| —> 0, and \/E/[.L%l — 0, then

Ap = E[ Z WiPix nkijY]} =0(1), Z WiPiniPriYj — An 20
ik ij#k

Next, recall that &, =Y, — X;S, y=X'¢/¢'e, and vy, =) ;E[X&]l/); al.z, and let

Xierjl(Xi_’?él’)ZS};lXi’ XiZSIIl(Xi_’)’nSi)a

3= ) XiPuiPyXj, 3=} PiXiX[E] + Xigig; X)),
ik i#]

3= ) XiPueipgX, =3 PiXiXie] + Xieie; X)).
ik 7]

Note that for A = S;(S — §8p), we have

gi—ei=—X/(6—580)=—X\S; VA,

82— &7 = 26, X/(8 — 80) + [ X[ (6 — 80)1%,

Xi—Xi==S"%(&i —e) = S, (- ywe

=S, XS,V A = S wn(F — v (8i/ ),
Xigi — Xiei = Xi8i — 98 — Xiei + yns?
= —X:X[(6 — 80) — 7| —2&:X[(8 — 80) + [X/(5 — 80)*1)
— (3 — yw)e;,

IXiX] = X, X[ < 11X — Xall® + 20 X011 X — Xl

LEMMA All. Ifthe hypotheses of Theorem 3 are satisfied, then 52 — =0 p(K/u2).

Prookr. Note first that S, /</n is bounded, so by the Cauchy-Schwarz inequality, || Y;| =
1Snzi//nll < C.Letd; = C + |&;| + |U;||. Note that y — v, L)) by standard arguments.
Then for A = (1 + 911 + 18]) = 0,(1) and B = [|§ — v, + |6 — 80| = 0, we have
Xl < C+ Uil <d;, &l <1X/(80 — 8) + &1l < Cd; A,
Xl = 18,1 (Xi = yued) | < Ciy, ' di,
IXill =115, (Xi = 9801l < Cuy, ' di A,
1X:X; - X X0 < QX + 1% DX — Xl
< Cuy 2di AIVNNE — eill + 19 — alll &l
< Cp,*d} A*B,
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187 — &71 < (leil + 12iD)1&i — &l < CdMB
1Xi&i — Xieil = IS, (Xi&i — 987 — Xigi + yae))|
<Cu,’ (IIXz‘Illéi — &l + 19187 — eFl + &} 117 — yal))
< Cu;'d*(B+ A’B+ B) < Cd? A?B,

1Xigill < Cpy'd? A%, | Xiel < Cuy'd?.
Also note that
E[Z Pid}dip, } <Cu,>Y Pp=Cu,* ZP” =Cu;’K,
I#] L]
sothat }-;; Pad;d7u, > = Op(K/u;) by the Markov inequality. Then it follows that

'ZP (X; X“2 X,-X;sf.)

< Y PLIEIXX] — XiX[ + 1 Xi1%187 — &7])

i#] i#]
< Cuy? Y Pididi(A*B+ AB) = 0,(K/u3).
i#]
We also have
ZP;(X,?:,@‘]X]/ —X,’S,’Sj ']
i
<Y PiIXigillX,85 — Xjejll + 1 X &1l Xi2i — Xieil)
i
2 2 42 52 A2\ 421D K
<Cuw,*Y Pid}d;(1+ A*)A*B=o0, )
n

i#]

The conclusion then follows by the triangle inequality.
LEMMA A12. Ifthe hypotheses of Theorem 3 are satisfied, then 3 -3=o0 p(K/u2).
Proor. Note first that

Bi—ei=—X|(5—80) =—X|S; VS (5 —80) = —(zi//n+ S, U) A= —D}A,
where D; = z;//n+ S;'U; and A = S/, (5 — 8y). Also

87 — &7 = —2¢;X[(5 — 80) + [X/(6 — 8p)17,

Xi— Xi= =98 + ynei = S, DA — S wn (9 — yu) i/ pn-
We now have 3; — 3, = >"7_, T, where

Ti= Y (Xi— X)Py (8] — 60 Pij(X; — X)),
ik

239
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T, = Z XiPiy (87 — e1)Pri(X; — X)),
i#j#k
I3 = Z (X; — X)) Pyer Prj(X;— X)), T, =T,,
i#j#k
Ts = Z (X, —Xi)PikEiijX,’-,
i#j#k
Ts = Z XiPy (87 — si)ijXj’., T7=T..
i#j#k

2

From the above expression for élz — &7, we see that Tg is a sum of terms of the form

EZ##,{ X,-P,-kn,-ijX]’., where B—25 0 and m; is a component either of —2¢;X; or of
X;X|. By Lemma Al0, we have Z##k XiPi mijXj’. = 0, (1), so by the triangle inequal-
ity, Tg -2, 0. Also, note that
Ts=S,"94" 3" DiPyepPiiX|+ S, wn (3 —vn) Y (ei/pn) Pirep Pri X,
i#j#k ij#k

Note that S7194' 2 0, E[D;] = z;//n, Var(D;) = O(u; %), E[X;] = zi/</n, and Var(X) =
O(M;Z). Then by Lemma Al0, it follows that Z##k DiP,-ksiijX; = 0,(1), so that
S, 15/AA’ D Ltk D;P; siijX j’ ,0. A similar argument applied to the second term and

the triangle inequality then give 75 2, 0. Also Ty = T3 0.

Next, analogous arguments apply to 7, and T3, except that there are four terms in
each of them rather than two, and also apply to 77, except there are eight terms in 7.
For brevity we omit the details. O

LEMMA A13. Ifthe hypotheses of Theorem 3 are satisfied, then
3= Plzzio}/n+S,' > PHEIUUo? + E[UeEl£;U)))S, "
i#] i#]
+0,(K/pp).
ProoF. Note that Var(s?) < Cand ,u% < Cn, so that for u;,; = e;(S,le,-,
E[(XyXi0)") < CELXj + X1 < Clzji/n® + Elug] + 2§y /n” + E[u) < Cp,*,
El(Xy &0 < CEl(Z5 62 /n+ 12 ,61)] < Cn ' 4 Cuy2 < Cpp 2.
Also, we have, for ; = E[U,-Ulf],
E[Xle/] = Z,‘Z;/fl + Sn_l.()iS;l/, E[Xisi] = S;lE[Uisi].
Next let W; be e}Xinfek for some j and k, so that

EW= ¢S, ELUU)1S, Ve + zijzi/n,  |EIWi]| < Cpy?,
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Var(W;) = Var{(e}S, ' Ui + zj//n) (€}, S, ' Ui + zir //n)}
< C/py+ C/nus < C/pp.

Also let Y; = £2. Then vK(6wnGyn + Ownfityn + fiwndyn) < CKY2/u2, so applying
Lemma A9 for this I¥; and Y; gives

S PR XiX(ed = 3 Pazizi/n+ 87 iSy ) o? + 0p (VK ).
i#j i#]

It follows similarly from Lemma A9 with I¥; and Y; equal to elements of X;e; that

Y PiXieiejX;=S,'Y PiEWUisiEle;UNS, " + 0p,(VK /).
i#] i#]

Also, by K — oo, we have O, (vK/u2) = 0,(K/u2). The conclusion then follows by the
triangle inequality. O

LEMMA Al4. If the hypotheses of Theorem 3 are satisfied, then

3= Z ziPiko-,%ijz}/n +o0p,(1).
ik

ProoOF. Apply Lemma A10 with W, equal to an element of X;, Y; equal to an element of
X;, and 14 equal to 2. O

PrRoOF OF THEOREM 3. Note that X; = Z}Ll P,-jf(j,

n
Z()_(i)_ff — XPy X — X;P;i X))&?

n n n
% A2 Y/ .p..22p.. Y/ V.p.a2p.. Y
> XiPpdiPiyXi— Y XiPigiPyX;— Y XiPjeiP;X;
ijk=1 =1 ij=1

n
© o oo
= Y XiPuiPiyX;— ) XiPusiPyX]
i,j k=1 i

=Y XiPjEiP;X; -2 ZX P2EIX]

llt

i#] i=1
= Z XiPi &y PiX| ZXPZ% 2X
i, k¢, )}

n
= > XiPy#iPyX)+ ZPZX Xi& ZX P2E2X).
ik i#]
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Also, for Z! and Zl/ equal to the ith row of Z and 7 =27(Z'7Z)"!, we have

zz(z ZuZuki ) (Z ijz,-pz,.@j)

k=1¢=1 =1

i,j=1 \k=1 =1

n K K - N A -
=Z(ZZZikzjkziere)X i€j §=Z<

n
= Z (Z;-Zj)z)}'i?;is] Z P XZELSJ

i,j=1 i,j=1

Adding this equation to the previous one then gives

S= 3 RiPgdlPyXi+ Y PAX K& —ZX,P2 X+ ZP X2

tll

i Ak i ij=1
=y Xipiké,ipkj)?; + Zpg.(f(,-f(’ L X; s,g,X/)
ik i]
It then follows that S;; 1$S,j = 3] 4 3, s0 that
SIVS, = (S, HS; )1 S (s A S V)
= (S, AS, )TN+ 308, HS )
By Lemma A4 we have ;' HS; 2, Hp. Also, note that for z; = > Pjzi =¢;Pz,

Z ziPy, a',%ijz}/n
itk

= ZZ Z ziP,-ka',%ijZ;-/n

i AL k¢{i,]}
2 2

= ZZ(Z ZiPikU'kijZ} — Z,'P,'l'O'i Pl'jZ} — ZIPUO'] P” j>/n

i A Sk

= 2= 2 2 2= 2
= (Z ZkO'kZL — ZPikZiZ;Uk — ZZiPiiU'i Z; + ZZiPiiUi P,-,-z;
k ik i i
5. 2p.. PP
- sza'j Pjizi + ZZJPHO']- P”zj)/n
J i

2= 2/ =/ 2
= Z 07 (ziz; — Pijziz; — Piizlz + Pjiziz; N/n— Z z,z
i i#]
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Also, it follows similarly to the proof of Lemma A8 that ) ; ||lz; — Zil?/n < 2 — P)z/
n—> 0. Then by ol.z and P;; bounded, we have

2 - =
HZ 07 (2iZ; — ziz})/n
i

<> ot Qlzlllzi — zill + Iz — Z1*)/n
i

12

172
sC<Z||zi||2/n> (Zna—éinz/n) +CY llzi— zill*/n

— 0,
12

1/2
s(Za;‘Pi%nzinz/n) (Zuzi—ziuz/n) — 0.
i i

HZ O'iZPl','(Z,'EZ — ziz;)/n
i

It follows that
Y zPioiPizi/n=")_ of(1—Pi)’zizi/n+o(l) = ) Pizizjo}/n
i#j#k i #
=3p— Y Pizizjo;/n+o(1),
i#]

It then follows by Lemmas A10-A14 and the triangle inequality that
Si43= Z ziPika',%ijz}/n + ZPizjziz;oj-z/n
i#j#k i#]
+8,! Zpizj(E[UiUf]sz + E[ﬁisi]E[t‘)jﬁJ/-])S;h +0,(1)+0,(K/u2)
i#]
=3p+KS{(W+01)S;V +0,(1) +0,(K/p2)
=3p+KS, 'SV +0,(1) +0,(K/u2).
Then in Case I, we have 0, (K/u2) = 0, (1), so that
SVS,=H Y3p+KS;' WS, Y H ™ 4 0,(1) = Ay + 0,(1).
In Case II, we have (u2/K)op(1) .0, so that

(W2 /K)S,V Sy = H Y (w2 /K)Sp 4+ p2S, 1 WS, Y H ™ + 0,(1) = A + 0,(1).

Next, consider Case I and note that S;(S — 8p) 4, Y ~ N(0, Ay), S;I}Sn l>A1,
unSV — ¢ Sy, and ¢'S{A1Soc # 0. Then by the continuous mapping and Slutzky the-
orems,

d(5—80) I unS; VS, (8- 8) R %
Veve  Jep ST S PSSy e \J¢SiMSoc

~N(0,1).
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For Case 11, (1u,/vEK)S, (5 — 80) —%> ¥ ~ N(0, A) and (u2/K)S, V'S, > Ayr. Then by
C/S(/)AHS()C #0,

c(5=80) ¢Sy (un/VEK)S, (5 — 80)
VeVe \/C/S,Zl/(M%/K)SQI}SnS;lC

/ /S/Y
_ S VKIS 6 —00)  a  CKY o
VnS GRS,V S8 e ey AnSie =

Proor oF COROLLARY 1. Note first that in this example, w, = ug,, so that

wnS;t = diag(pn/V/n, ..., wn/v/n, 1S, 3_1:[ I 0]

—1 1

By Assumption 2, y = lim,—,(u2/n) exists and is either 0 or 1. By ¢? > C > 0,
HIZlZpHgl is positive definite (p.d.). Also ¥ = limn_on[(Zi# P,-jU,-Sj)(Zi#PijUi X
€j)'1/K is positive semidefinite, implying Ay is p.d.

If (a) u,, = n, then we have Case I and Sy = S—1 which is nonsingular so that Syc # 0.
Hence

'Sy A1Soc #0

and the conclusion follows from Theorem 3.

Next let b = (—, 1)/, so b’c # 0 under (b) and (c). Note that if w, # n, then by As-
sumption 2, it follows that Sy = diag(0, ..., 0, DS = egb’ for the Gth unit vector e,.
Then under (b), where K/ ,ufl is bounded,

Soc=egb'c #0.

Therefore, ¢’'S;A1Spc # 0 and the conclusion follows from Theorem 3.
Finally, if (c) holds and Mg, /n —> 0, note that because E [s,-U,-G] has the same sign for
all i, that E[siUi(;]E[ej (7]-(;] > Oforalliand j, and hence

Y Pi(07EWU + EleiUic1Els;Ujc1) /K
I#]

=3P EEUG]/K>CZPZ/K>C<1_Z )zC.

i#j i#]
Then ¥ > CeGe’G in the positive semidefinite sense, and hence by b’eg =1,

A > CH;lSoeGe/GSéH;l = CH;legb/eGe/Gbe/GH;l = CH;leGe’GHgl.
It then follows that

c'SyAuSoc = c'begAnegb’c > C(c’b)z(e’GHlf,leg)2 #£0,
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so the conclusion follows from Theorem 3. O

Proor or THEOREM 4. It suffices for us to show that for all » sufficiently large and for
any fixed positive real number p, there exists a constant C such that

X'MXN\]T"? —
E[det<*7)] <T<os.
n—K

To proceed, note that it is convenient here to change variables in the following way:
define Hy; = Z(Z'Z)"Y? ¢ Vi n (where Vk ,, denotes the Stiefel manifold, i.e., the set (or
space) of n x K matrices such that X' X = Ix) and partition

Hgz

Zl‘(Z/Z)_l/z) KxK

Hz = B = . (say).

VA (ZZ(Z/Z) 1/2 HZ’Z y
(n—K)xK

Now define
—(H,, ) 'H! _ _
H§=[ A Z’Z][In_K+Hz,2(H/Z,1Hz,1) Uy 1
ae
_ [—<Z;,>—1Z§.

[ }[In_K+Zz‘<zg.zl.>—1zg.r1/2eVn_K,n.
-

Note that the implicit assumption that H 7 ; is nonsingular is really withoutloss of gener-
ality since rank(Z) = K by Assumption 1; hence, the invertibility of Z; (and, thus, Hz ;)
can always be achieved, if necessary, by a repermutation of the rows of Z. Note also that,
by construction,

P=HzH,, M=HzHy, and (Hz Hz)eO(n),

where O(n) denotes the orthogonal group of n x n orthogonal matrices. Next, define

1 1
W= =gizle X1= =2 H7 X,
so that
X' H:HEYX, X MX
W/W _ * 177 * * *
n n— .

n—K T n—-K

Under the Gaussian heteroskedastic error assumption, the probability density func-
tion of W, has the representation

W) = @)~ L2 (et Zy]) ™2 (n — K) " OL2
n—K)

X eXp{—( (vec(Wy) — o) B (Vec(Wy) — ¢n)},

where

Ew =L ®HZ)K,; DpKu (I ® H),
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_QT 0 0
Do+ = 9 o , OF=E[U;U;] fori=1,...,n,
N |
0 -~ 0 &
0 — 1 hipg
@n =vec(Py), and @n=< e atn—K) ¢ “”>’
(n—K)xG

with K,,;, being the nL. x nL. commutation matrix and L = G + 1. Note that

Amin(Ew) = (L @ HZ)K}; Knr (I ® HZ) Amin(Dgo+)
= Amin(Dg+) (since HY'Hz =1, g and K/ ; Kur = Inz)
= m,in /\min(QT)
l
= As.

Hence, we can bound f,,(W;,) from above as

Fa(Wh)
< A;("*K)L/Z(zﬂ)—(n—K)L/Z(n _K)(n—K)L/Z
x exp{— (”ZRK) (vec(Wy) — @n) (Vec(Wy) — m}

< A;(an)L/Z(277)7<n7K)L/2(n _K)(an)L/Z

(n—K)
2M4

=fy(W) (say).

x exp{— tr[(Wy, — @) (W, — ‘I’n)]}

It follows that to complete the proof, we need to show that there exists constant C
such that for all » sufficiently large and for fixed p > 0,

f [det(W, W)] ™ f£ (W) (dWy) < C < 0.
R(=K)L

Write

(n—K)
224

X GXp{— tr[(Wn_(pn)/(Wn_q)n)]}

_ /\;("—K)Lﬂ(ZW)—(n—K)L/Z(n _K)(n—K)L/Z

(n—K) n—K)
2 As

*

X exp{— tr[Wn’Wn]} eXp{—( tr[CD;cD,,]}

(n—K)
A

*

X exp{ tr[@an]}.
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Next, we consider the change of variables
Wn = Ql Tm

where Q1 € V.,,—k so that Q|0 =1 and T, is a L x L upper-triangular matrix with
positive diagonal elements. From Theorem 2.1.13 of Muirhead (1982), we obtain the Ja-
cobian of the transformation W,, — (Q1, T,,) as

L
@) =[] 1ee % @Tw) @0y,
g=1

where f,, is the gth diagonal element of T}, so that

A;{( o 1AUTDT £ (W) (W)
= )\;(n—K)L/Z(277)—(n—K)L/2(n _ K)(n—K)L/z

(n—K)
2M4

x / /|:/ exp{ (n—K) tr[‘DanTn]}(dQl)}
b VL,n—K A*
i

(n—K)
2M4

x exp{— tr[@/n@n]}

L
tr(T,;Tn)}[det(T,;Tn)]—P [Twe @t

X exp{ —
g=1

_ A;(”*K)L/Z(Zw)—(n—K)L/Z(n _K)(n—K)L/Z

(n—K)
2\

*

exp{— tr[(D}l@n]}

X//U exp{(”‘K) tr[@anTn]}(dQl)}
. Vin-k A
ij

(n—K)
2\

*

@)

L
_ K-
tr(T,;T,,)}[det(T,,)] 2T 1e @t
g=1
A;(H—K)L/Z(ZW)—(n—K)L/Z(n _ K)(n—K)L/Z

X exp{—

X exp{— (nzj\ K) tr[d);@n]}
- K
X / ’ f|:f exp{ (”/\ ) tr[(anlTn]}(dQl)}
Vin-k *
4
(n—K) L

g=1
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Consider first the integral with respect to the invariant measure defined by the dif-
ferential (dQ1). In this case, applying Lemma 9.5.3 of Muirhead (1982), we have

_K
f exp{ R tr[canlTn]}(dQl)
1€V n-k

*

1
| P [E(ﬂ -K - L)i|

2(n—K—L) z(n—K—L)?/2

x / / exp{ (n ; B w@,0, Tn]}(dedQl)
01€VL -k JHeO(n—K-L) *

8)

2L7T(n—K)L/2 (n _K)

= 1—/ o exp{ X tr[(anlTn]}[dQ]
I _E(n _ K)_ QeO0(n—K) *
oL (n—K)L/2 1 1 _K 2

_ q— oF) (E(n ~K): 5 (” - ) T,,cb;cbnT,;)
I 2 —K)_ .
L - (n=K)L/2 1 1 _K 2

= % OFl(E(” - K); Z(n)\_) (I);‘ann>,
I, _E(n - K)_ *

where R, = T,T, = W, W, and where (F; (1 (n — K); %(";*K)ZQ,QJ”Rn) denotes a hyper-

geometric function with matrix argument. (See Muirhead (1982, Chapter 7.3) for defini-
tion and discussion on the hypergeometric function with matrix argument.) Now, from
Theorem 2.1.9 of Muirhead (1982), we have that

L
(dRn) = 2L [ t5s™ "2 T,
g=1

so that the Jacobian of the transformation 7,, — R, is given by

L
T =27 ] ts™ " (dRy). 9)
g=1

Making the change of variables 7,, — R, and substituting (9) and (8) into (7), we get

/ et (W W)™ (W) (d W)
R(—K)L

_ 2—LA;(”*K)L/z(zﬂ_)—(n—K)L/Z(n . K)(n—K)L/Z

2L (n—K)L/2
tr[<1:>;1¢>,,]} i (10)

1
FL[E(H—K)]

(n—K)
2M4

X exp{—
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1 1/n—K\?>
Fil=-(n—K):; - d b, R
X/RMO 1(2(” )’4< X ) nPn )

(n—K)
oA, tr(Rn)}(an)

x (detR,)"—K=2p—-L=D)/2 exp{ —

(using the fact that ]—[gz1 teg = (det T, T,)'/? = (detR,)!/?)
_ A;(H—K)L/Z(ZW)—(n—K)L/Z(n _K)(n—K)L/Z

r(n—K)L/2
I 1(11 K)
L2

K
x / exp{ _n=K tr(Rn)}(detRn)(”KZPLl)/z
R, >0 2A4

(n—K)
2M4

x exp{— tr[@/n@n]}

1 1/n—K\?
X OFl(i(”_K);Z< )\* >¢’;¢an>(an),

where the integral converges for all n such thatn — K > 2p+ L — 1.

To evaluate the integral with respect to R,, we make use of the well known fact
that the hypergeometric function (F;(-) has an infinite series representation in terms
of zonal polynomials, namely

oF1 (%(n —K); (n— K)ZAan)

_iz 1 Ci((n—K)?AyRy)
B ((n—K)/2)« k! ’

k=0 K

(11

where, in the definition above, we let

1 2
Ay = (ﬁ> o b,

Here, ), denotes summation over all partitions k = (k1, ..., k1) of k such thatk; > --- >
k; > 0and Zé:l kg =k, Cc((n—K)?A,Ry) is the zonal polynomial of (n — K)? 4, R, cor-
responding to k, and the generalized hypergeometric coefficient ((n — K)/2) is defined

by
L
n—K _1—[ n—K-g+1
2 K_ 2 k
g=1 4

with (=K1, being Pocchammer’s symbol or forward factorial, so that

n—K-g+1 _(n—-K-g+1\/n—-K-g+2 y
2 kg_ 2 2

(n—K—g—i—Zkg—l)
X

2
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and (% )o = 1. Making use of the infinite series representation (11), we apply The-
orem 7.2.7 of Muirhead (1982) to integrate term-by-term to obtain, for all » sufficiently
large such thatn — K >2p+ L —1,

1
/ oF1 (E(” —K); (n— K)ZAan) (det R,,)("~K=2p=L=D/2
R,>0

(”2_ B wr) } (dRy)

X exp{—

— 1
- EOZ (n—K)/2)«

2
X/ Ck((n—K) AHRH)(detRn)(n7K72p)/27(L+])/2
R,>0

k!

(n—K)
2\

*

n—K-—2p (n—K) ~(n=K=2p)/2
=7 — .
() (e )

A ([ — K —2p1/2)x Cu(2Ai(n — K) Ay)
2 (e K1/2)s k!

X exp{— tr(Rn)}(an)

k=0 k

_p(n—K=20\(n-K ~(n=K=2p)L/2
ok 2 2X,

n—K-2p n—K (n—K
F ; ; D D, ).
X1 1( 2 s 2 7< 2A* ) n n)

Next, we analyze the asymptotic behavior of the hypergeometric function

Fy(iK=2e K (”Zj\f )P, ;). Using (generalized) Kummer’s relation, we can write

2 > 2
n—K-2p n—K (n—K
F' . . /
! 1( 2 2 ( 2As )q)"(p”)
n—K n—K n—K
— b’ . . / )
(o] ("3 )enen] ) (57 (T )
Now, using (A.6.17) of Chikuse (2003), we obtain
n—K n—K\
lFl (pv 2 ) _< 2)\* )¢n¢n)

’ -p
= [det(IL + (pﬁ”)} A+0(n™Y)

*

—0(1).
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It follows that

1
/ oF1 (501 —K); (n— K>2Aan) (det R,,)("~K=2p=L=D/2
R,>

(”2_ B wr) } (dRy)
i (12)

n—K-—2p\ (n—K\ "K20L/2 n—K
_T | (=2 )
L( 2 )( 20 ) e"p<r[< 20 ) " D

/ P
x [det([L + (p;@”)} (1+0(mn™hH).

*

X exp{—

Substituting (12) into (10), we have

f (et (W W) 1P £ (W) (dW,)
RO—K)L

_ )\;(Vl—K)L/Z(zw)—(n—K)L/Z(n _K)(n—K)L/Z

(n—K) ,n.(an)L/Z

X eXp{— 5 tr[@;@n]}
k

1
FL[E(”—K)]

n—K—2p\(n—K\ "KL n—K\
< (5) () oo(u] ("5, ) ])

’ —

p
X [det(IL + (DK(D")} (14+ 0™ 1Y)

*

(13)

/

1
FLI:E(n_K_zp)} D P —-p
= (n— K)PL 2, P [det(IL + K—”)} (14+0m™h).

1
I|-(n—K
L [2 ( )}
Now, multivariate gamma function can be written as a product of ordinary gamma func-
tions as

L
1 L(L—1)/4 n—K-2p—g+1
FL[E(H—K—Zp):|:7T ]_[1F 5 )
g:

(See, for example, Muirhead (1982, Theorem 2.1.12).) Using the Stirling approximation,

we have, forg=1,..., L,

r[n—K—22p—g+1}

= i P(noK=2p-gt (n_K_Zp_gH)/Z(HO(n—]))
S \n—-K-2p—-g+1 2e

— (477)1/2(26)—(H—K—2p—g+1)/2(n —K— 2p —g + 1)(n—K—2p—g)/2(1 4 O(n—l))
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— (477_)1/2(26)—(n—K—2p—g+1)/2(n _ K)(n—K—Zp—g)/Z

) B2
% (1_ L) (14+0m™ )
n—K

— (4,”_)1/2(26)7(H7K72p*g+1)/2(n _ K)(n7K72pfg)/Zef(2p+g71)/2(1 + O(nil))
— ﬁZg/z(n _ K)*g/sz(n*K*ZP*1)/26*(H*K)/2(n _ K)("*K*ZP)/Z(l + O(nfl))’

so that

1
b= -20]

L

—K—-2p— 1

:ﬂ_L(Ll)/4l_[F|:n 2P g+ ]
g=1

L
— 71_L(L—l)/4 1_[ \/Ezg/z(n _ K)—g/22—(n—K—2p—1)/2
g=1

X e*(an)/z(n _K)(n7K72p)/2(1 —i—O(n*l))
(14)
= (27T)L(L+1)/4(n _ K)—L(L+l)/42—(n—K—2p—l)L/2

x e~ =KL2(y _ g\ =K=20)L/2(1 1 O(n~ 1Y)

— (2m)LLAD/Ag—(n=K=2p=DL/2

x e~ (=KIL/2 (g _ gy LIn=K=2p=(L+D/21/2(1 L O(p~1)).

Similarly, we have

L
1 L(L-1)/4 n—K-g+1

— (27T)L(L+1)/42—(n—K—1)L/26—(n_K)L/z (15)
x (n— K)Fn=K=(L+D/212(1 4 on~1).

Applying (14) and (15) to (13), we obtain
f [det(W, W) 1 £ (W) (dWi)
R(—K)L

1
FL[E(H—K_ZP)}

/ —-P
(n— K)PL@2),)PL [det(IL + (I;")tp”)] (1+0(m1y)

1
Il =(n—K
L[z(n )}
— (2)LLAD Ay~ (n=K=2p=DL/2~(n=K)L/2

x (1 — K)Hn=K=20=(L+1)/21/2 (3 1) ~L(L+1) /49 (n=K~DL/2
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% e(n—K)L/Z(n _ K)—L[n—K—(L+1)/2]/2(,1 _ K)pL

/

—p
x (2A4) " PE [det(IL + i”f")] (1+0m™1)

/

—pP
=\ Pk [det(IL + q)z”/\(p”” (1+0m™1y)

*

<X PPa+om™h)
=0(1). O
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