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Here, we provide a proof of the existence of moments of the HFUL estimator (The-
orem 4 in the paper). The main skeleton of the proof is given first, but the proof draws
upon the results of a number of preliminary lemmas, which have been organized into
two additional appendices (Appendix B and Appendix C).

Before proceeding, we first define some notations. In the sequel, let I 4 denote the
indicator function of the set A, let Apax(B) and Apin (B) denote, respectively, the mini-
mal and maximal eigenvalue of the matrix B, and let || - | denote the Euclidean norm, or
the Frobenius norm when applied to matrices, so that || 4| = \/tr{ A’ 4}. Also, the nota-
tion a, ~ b, means that lim,_, - (a,/b,) = ¢ for some constant ¢ # 0. In addition, M, T,
and CS denote, respectively, Markov’s inequality, the triangle inequality and the Cauchy-
Schwarz inequality.

Finally, the proof given below also makes use of the following notations. Let
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{” (V'IM +DplV — EIV'[M + Dp]V]) H }
Az = <3

n
A _{ Z/[M+DP]V‘<77}
! Mn\/ﬁ H
A=A1NA; N A3 N Ay,

where n; >0 (j =1, 2, 3, 4). In the proof below, we choose the n;’s as

0<m
< min{ Cs ’ Cs/GCq ’ Cs ’ (52)
24V +VCp) 12JC2VGCr 4+ 1) 4Gy
CsCs Cs/GCr
8[Cs+/Cy +2G/Co(Cs +2C3Ca)]” 44/Cy }
0<m
- min{ Cs Cs/GCy CsCs
B 6[v/C2 + +/Cal?" 12/C2Cy " 48[Ca(Cs + C3Cy) + C1Cy]° s3)
Cs/GCq CsCe GV GCr
12C//GC7 +12C, + 65/CrC " 16GV/CrCa(Co + C3Cy)" 2Cy 7
Cs/GCr CsCs
22V CoCh + Cs) " 8GVC[Con/ Ty + (24 Ty + V/C)(Co 4 2C3C4)] }’
. Cs GCs
0<n3§mln{ﬁ,7}, (S4)
0<my=< %\/%, (S5)

where Cy, C,, ..., C7 are constants to be specified in the proof of Lemma C2 below and
where Cy is some positive constant. Also define

DS, (80—
B={HMH21}, C = {knLm > 0},
Mn
where kprM is the smallest root of the equation
det{X'[P — Dp]X — kX [M + Dp]X} =0,

with X = [y X]. Finally, let B¢ and C€ be the complements of the events B and C, re-
spectively.

Proor oF THEOREM 5. To begin, let A be the event defined in (S1), and we can write

ElI8uruLl”1 = ENSuruLl P14l +E[II3HFULIIPHAC]-
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It follows from Lemma C8 that there exists a constant C, such that for all n sufficiently
large,

E[8uruLllP 4c] < C2/2 < o0, (S6)

Next, note that HFUL can be written in the alternative form

~ - Ccl., -1
SHFUL = <X/[P —DplX — {KHLIM - ;}X [M+DP]X>
S7
/ -~ .. (§7)
X <X [P—Dply — {KHLIM - ;}X [M+DP])’>,

where Dp = diag(Py1, ..., Pan). Equation (S7) is equivalent with probability 1 to the ex-
pression for HFUL given in equation (1) of the paper, as will be shown in Lemma B1.
Now, substitute y = X 8y + ¢ into (S7) and we get

—~ ~ C -1
OHFUL = 8 + <X/[P —DplX — {KHLIM — ;}X/[M +DP]X>
/ ~ cl.,
x | X'[P — Dple — { KHLIM — P X'[M + Dple
=80+ (uaS, (Sn‘lX/[P —Dp1XS!
-1
~ Cl., —1
— {KHLIM - ;}X [M + DplXS, )
~ Cl._
x (S;lx’(P —Dp)e/pn — {KHLIM - }Sn XM+ Dp)é‘//.Ln>
=80+ 8, (uaD ") (San’[P —Dp)XS,1
~ C\., 0\
~ | KHLIM — X'[M +DplXS,

~ Cl._
X <Sn1X/(P—DP)8/Mn - {KHLIM — ;}Sn 1X/(M+Dp)g/,u,n>,

where the last equality makes use of the fact that, by definition, S, = §;,_1D;1 with
D, = diag(u1p, ..., mGn). Now, using T and the submultiplicativity of the Euclidean
norm, we obtain

I6uruLll

<1180l + 1S 1 n D},

‘ (S,;lx/[P —Dp1x St

- Cl, 1\
- {KHLIM - ;}X [M + DplXS, 1)
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X

~ Cl._
S X'(P—Dp)e/pn — {KHLIM - ;}Sn LX"(M + Dp)e/un

<6l +vGC;,

(S;U(’[P —DplxS;!

. C) . N\
- {KHLIM - ;}X [M + DplXS, 1)

X

/ -~ C — /
S IX'(P—Dp)e/pn — {KHLIM - }Sn LX'(M + Dp)e/un

Note that the last inequality above holds for all » sufficiently large since |n~1/2D,,| <
VG given that u;, < J/n (j=1,...,G) and since, using the same argument as that for
deriving (528) in the proof of Lemma C2, we have

- —— [ G
S < Jtr{(8.S) 1 < [ — = <V <0
1S, 1| </ tr{(5;,8,) 7"} < (S50 = h <

for some constant C;, which exists in light of Assumption 2. Loeve’s ¢, inequality and
Theorem 15.2 part (iv) of Billingsley (1986) then imply that

E[||8HruL] PT4]

<2P71180)1PT4
+ 2”_1(GC2)1’/2E{ H (s;lx’[P —Dplx St

P
T4 (§8)

p
14

-1
~ Cl., _
— {KHLIM — ;}X [M + Dp]XS, 1)

X

_ C)._
S IX'(P—Dp)e/pn — {KHLIM - }Sn IX'(M + Dp)s/un

2V/G\?
52P‘1C;f/2]IA+2P‘1(GC2)P/2(T> Clla
5

<C1/2,

where
SN P
Cii=2r [Cf/z +Q2G)P <L§C Cz) }
5

and where the second inequality follows from Lemmas C2 and C3 and from Assump-
tion 7, which lmplies the existence of a constant C, such that ||8||> < C,4 < co. Finally, let
C =max{C}, C,}. It follows from (S6) and (S8) that for all » sufficiently large,

G

- - ~ c
E[|18uruLll’] = E[|8uruLll’Lal 4+ E[lI6uruLl P 4c] < >t = C < oo,

which establishes the desired conclusion. O
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APPENDIX B

Lemma B1. Suppose that Assumptions 1,7, and 9 hold. Then, for n sufficiently large, the
formula for uruy, given in (S7) is equivalent with probability 1 to the representation given
in equation (1) of the paper.

Proor. From equation (1), we have
SuruL = (X'[P — DplX — @upurX'X) ™ (X'[P — Dply — @uruLX'y),

where

apum — (1 —apum)C/n
1-— (1 —ammC/n

QHFUL =

and where ayj v is the smallest eigenvalue of the equation
det{(X X)"'X'[P — Dp1X — alG.+1} =0. (S9)

Note that the nonsingularity of XX holds with probability 1 for all #n such thatn — K >
G + 1 in light of part (b) of Lemma B13. Next observe that the smallest root of (S9) is
equivalent (with probability 1) to the smallest root of

det{X' [P — Dp]X — aX X} =0. (S10)

Moreover, observe that, under Assumption 9, @ = 1 is a root of the determinantal equa-
tion (S10) with zero probability; since if « = 1, we would have

det{X' [P —DplX — X X} = (=) T det{X'[M + Dp]X) =0,

which holds only if det{X'[M + Dp]X} = 0, but this occurs with probability 0 given
part (a) of Lemma B13. Hence, with probability 1, we can rewrite (S10) as

0=det(X'[P - DplX —aX X}
—det{(1 — @)X [P — Dp]X — aX [M + Dp]X) (S11)

=(1-a)ft! det{Y’[P —DplX — %Y’[M + DPJY}
—

fora#1.Nowleta; <-- - <agy (a@g#1forg=1,...,G+ 1) be the roots of the equa-
tion (S10). Then, by (S11),

~ Eil ~ aG+1
K1 = ~ > cees KG+1=#
- —aG+1

must be the roots of the equation

det{X' [P — Dp]X — kX [M + Dp]X) = 0. (S12)
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In addition, note that since, for k = a/(1 — «),
e 1,
da (1—a)?

it follows that we must have the ordering

~

K1 =" = KG+1,

so that, setting apriv = @1 and letting Kpriv (= K1) denote the smallest root of the de-
terminantal equation (512), it must be that

QHLIM

KHLIM = ——=——.
1 —agLm

Next, write

SururL = ((1 — @xpuL) X' [P — DplX — aupuLX'[M 4 DplX) ™!
x ((1 —anruL)X'[P — Dply — aururX'[M + Dply)

. (S13)
= (X’[P —Dp1x — UL a4 DP]X)
1 —anruL
« <X’[P — Dply — —IFUL_ i 4 DP]y>.
1 —anruL
Note further that
QHFUL _ [ _apum — (1- aHLIM)C/”]laHLIM — (1 —apm)C/n
1 —anruL 1 -1 —agum)C/n 1— 1 —auum)C/n
B [1 — (1 —agLm)C/n — agum + (1 — aHLIM)C/”i|_1
1—1—amm)C/n
ayguMm — (1 —apum)C/n
1-(1-« C/n
) ~HLIM) / S14)
_anum — (1 —apum)C/n
1 — @M
_ amum C
1—auum n
- C
= KHLIM — —,
n

so that ayryr/(1 — apruL) is well defined provided that apmv # 1, which occurs with
probability 1. Substituting (S14) into (S13), we obtain

- _ C -1
SHFUL = <X/[P —DplX — {KHLIM — ;}X/[M +DP]X>

- Cl.,
X <X’[P— Dply — {KHLIM - ;}X [M+DP]Y>7
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which establishes the desired conclusion. O

Lemma B2 (Poincaré’s Separation Theorem). Let A be a symmetric m x m matrix with
eigenvalues Ay < Ay < --- < Ay and let H be a semi-orthogonal m x r matrix (1 <r <m),
so that H'H = I,. Then the eigenvalues py < uy <--- < u, of H AH satisfy

/\zfﬂtf)\m—r+z (i=1’2""7r)'
For the proof, see pages 209 and 210 of Magnus and Neudecker (1988).

LeMMA B3. Let A (m x m) be a symmetric, positive semidefinite matrix and let B (im x m)
be a symmetric, positive definite matrix. Moreover, let A be the smallest root of the deter-
minantal equation

det{A4 — AB} =0.

Now partition A and B conformably as

A Ay By B,

A= myXmy  myxmy and B = myxmj mi Xmy
Ay Axn Bs1 By

myxm;  mpXxXmy myxmy  mpyXmy

Then the matrices Ay, — ABy; and Ay — ABa, are both positive semidefinite.

Proor. We will only prove the positive semidefiniteness of the matrix 4, — ABy,, since
the proof for 41, — ABj; is similar. To proceed, note that in light of the positive definite-
ness of B, we can decompose B as

B=L'L,

where
B2

I < 11.2 0 >
=\ 12 1/2
By, "By By
and where By, = By — B’2132_21321 . Moreover, note that the inverse of L can be obtained
as

-1/2
-1 < By5 0 )
= ~1 —172 p-172 )¢
=By BuBy 5 By
Next observe that the roots of the equation
det{L’'AL™' — M,,} =0

are the same as those of

det{4 — AB} =0.
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Now, by direct calculation,

L/—lAL—l
-1/2 -1/2 - -1/2
_ By —Bui'B B (All A/Zl) Byiia 0
0 B;, 1/2 Ax A _B;, Bz1 311142 8521/2

-1/2 1/2 _ -1/2 _ -1/2 71/2
_ (311.2 B112 B/ 1By ) <A113112 A/ B2lBl12 A/ )
- -1 2 1/2 —1 2
0 B,/ A By\? — AnBy BB AnB,

11.2 112 11.2

( 11142(1411 A By, 11—'321 B, B, A21)B 2 1 B 1/ZB’ B, AnB;) 'B, B2
- -1/2
/(A21—A22322 321)311,2

1/2
B} /(A}y, — B}, By} A»)B,,
B; 1/2A223 1/2 ’
so that
By, *AnB)* =H'L' ' AL"'H

with H (m x m;) being the semi-orthogonal matrix

7= (5,)

Since the roots uj < --- < u;,, of the equation
det{By,"* A2 By,)"* — Ly, } =0
are clearly also the roots of the equation
det{Az — uBpn}=0
we have that for any vector x € R"2,
x' Ayyx — Ax'Borx
— X'B))}(Byy* AnBy,* — Moy) Byy x
= x*(Byy* A0B3 " — Ny x*

> (g — Dx¥x*

>0,
where we have let x* B;é x and where the last inequality follows from applying
Poincaré’s separation theorem, which allows us to conclude that A < ;. O
LeMmmA B4.

(@) Suppose that A is a symmetric, positive semidefinite (p.s.d.) matrix and that B is a
symmetric, positive definite (p.d.) matrix. Then

1A+ B) < 1B~
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(b) Suppose that A and B are symmetric, p.s.d. matrices and write
A=FE—B
for some matrix E. Then
1Al < IIET.
Here, || - | denotes the Frobenius matrix norm, so that | A|| = /tr(A’ A).

Proor. To prove (a), let A be G x G without loss of generality. Now

l(A+B)7!|

Jir{(A4+B)-2}
G

1 2
- Z()\g(A+B)>

\e=!

G

> xi)

g=1

IA

(using the result of Exercise 12.45 of Abadir and Magnus (2005))

=/ tr{B~2}

= (1B~

Here A¢(B) (g =1,...,G) are the eigenvalues of the matrix B, and A;(A4 + B) (g =
1,..., G) are similarly defined.

To show part (b), note that by the result Exercise 12.45 of Abadir and Magnus (2005),
we have that

Ag(E) > Ag(A)>0 forg=1,...,G,

from which it follows that

G G
Il = Vir{d' Ay = | Y 22(A) < | Y AUE) =u(E'E}=|E|.

g=1 g=1 O
LEmwMmA B5.
(@) If X is a square matrix, then

Amin (X +X) = =2|1.X].
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(b) If X is symmetric matrix, then
Amin(X) = =1 X|].
(©) If X is a symmetric and nonsingular matrix, then

VG

IXH < ———r.
min_|Ag(X)|
1<g=<G

Here G denotes the number of columns (and rows) of the matrix X .

Prookr. To show part (a), note first that

G

Ao( X + XD < Ao (X + X2
1g;e;xc|g( + X < gX_;[ (X + X1

= Jur{(X + X)(X + X))

< JAu(X'X)

=2|.X1,

where the second inequality follows from applying the trace version of CS (see page 325
of Abadir and Magnus (2005)). It follows that

Amin(X + X) > — max [Ag(X + X)) = =2|| X].
1=<¢=<G

The proof of part (b) follows immediately from that of part (a), since in this case,
2Amin(X) = )\min(X + X/) = _2||X||7

and the desired conclusion is obtained by dividing through by 2.
To show part (c), note that

IX 1 =y alx—2]

A
2 AZ(X)

g=1

G
<12}giélc Mg(X)I)2

B JG
T min [A.(X)|
12;5%' (X)) 0

IA

\
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LemMa B6 (Decoupling Inequality). Let y; = (&;, £i)'. Assume that {x;} is a sequence of
independent 2 x 1 random vectors such that E[ x;] = 0 and such thatsup, E| x;||” < C* < o0
for some constant C* and for some positive integer p > 1. Moreover, let {x;} be an indepen-
dent copy of this sequence. Also, let P;j denote the (i, j)th element of the projection matrix
P=Z(Z'Z)~'Z', with Z satisfying the conditions of Assumption 1. Then,

>

< 4qE‘ > P,,g,g,

1<17é]<n

1
E‘TE > P,,ftg,

1<i#j<n

where ZJ- denotes the second component of x; = (Ej, Zj)’.

Proor. The prooffollows that of Theorem 3.1.1 of de la Pefia and Giné (1999). However,
we exploit the specialized structure of our problem to obtain a better constant than that
of expression (3.1.8) in de la Pefia and Giné (1999).

To proceed, let {¢;}7_, be independent Rademacher random variables, that is,

1  withprob p=—,

&=

—1 with prob p =

l\)l»—kl\Jlr—‘

and let {&;}?_, be independent of {x;, X;}}"_,. Also define v; and v; (i=1,...,n) as

vi = xilf{e; = 1} + Yil{e; = -1},

=Xil{e; =1} + xil{e; = —1}.
Partitioning v; and ¥; conformably with y; = (&, ¢;)’ and ¥i = (£, i)', we also have

vy = §ilfe; =1} + Eiﬂ{gi =—1},

vy = {illei =1} + gﬂl{a, -1},

Vi = &lle = 1) + £1{e; = —1},

Vi = Gller = 1) + {il{s; = —1).

Now note that

Z Pyé; 43

1<l;é]<n
1 - p
=B 2 PiENIE X, - Xl (515)
1<i#j<n
1 - - - — P
=B X PiENEGHEG HEG+EG x|

I<i#j<n
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where the second equality follows from the fact that

E)N([Eigj + fiZj + EiZj|Xl, cees Xnl

= GEXEIX, - s Xl + EEXEjIX1s oo xn) + EX[EL X1, -, xal e,

= {iEX[E] + &EXIE] + EX[E1EX)]

=0.
Next note that
N - - — P
EX| 3" PENIEL + &L+ &8+ &l - xn]
I<i#j<n
~ - - _— P
<EWX\ N P&l + &L+ &8+ &)

1<i#j<n

(by conditional Jensen’s inequality)
- P
— 4P EX:X)

1 ~ ~ o~~~
Z Pijz(§i§j+§i§j+§i§j+§i§j)

1<i#j<n

- P
— 4P EXX)

Y PUES(01i0ajlX1s s X3 X -5 Xn)
I<i#j<n

> Pyuiiy,

I<i#j=n

Z PijfiZj

1<iz#j<n

p

<4PFE (v,9) (by conditional Jensen’s inequality)

p
— 4P EXX)

>

where the second equality above follows from the fact that

%(fi(j +Ei§j + fz‘Zj +E,-Z,-)

= &GE e =10 8= -1+ &LE e = —1Ngj=—1}]
+ &GE e =10 6; = 1)+ &GE (e = —1Ngj=1}]
(by definition and independence of {&;})

= GGE e =10 = 1)IX1,- s Xns X1 - Xnl
+EGE e = =108 =1IX15 - Xni X5 -+ X
+ &EGE ei=1Ngj=—1} X1, Xni X1 -+ Xn)
+EGE e =—10N8j ==Xt -0, Xus X1 -5 Xl
(by the independence of &; and (x1, ..., Xn; X15-- -, xn) forall i)

= E®(v1;V2jIX15+++» Xni X15---» Xn)  (by definition of vy; and v5;)

(516)
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and where the last equality in (S16) follows from the fact that the joint distribution of
(v1,...,Vn, V1,..., Uy) is the same as that of (x1,..., xn, X1»---> Xn). Equations (S15)
and (S16) together imply that

p
Pi&ili| <

>

1 ~|?
#E|— Y P&l
‘\/E l]glgj

I<i#j<n

x 2z

1<t;£j<n

which is the desired conclusion. O

Lemma B7 (Moment Inequality for Sums). Let {¢;} be an independent sequence of mean-
zero random variables. Then, for all p > 2, there exists a constant C < oo such that

n p/2
<c’ max{ppE(maX|§i|p>, pP/? (ZE512> }
1
i=1

The proof follows as a special case of the proof of Proposition 2.4 of Giné, Latala, and
Zinn (2000).

p

E\ &

i=1

LEmMA B8 (Moment Inequality for U-Statistics). Let {x;} and {X;} be as defined previ-
ously, and let these sequences satisfy the same moment conditions as in Lemma B6, but
let the moment conditions be satisfied for p > 2. Also, let P;; denote the (i, j)th element of
the projection matrix P = Z(Z'Z)~'Z', satisfying Assumption 1. Then there exists some
positive constant C < oo such that

p
PijfiZj
‘\/—1<z;&]<n
—=p o2 3p/2 ok 1 2.2 2 o2
<C'm { ( Z P(Tg’ ) ,p P Emle(EZPflaz,j> s
1<i,j<n 1<j=n
3p/2 7 o 2p 1 PIENPIT:IP
£ max = BRB) o E[mas (P P11 T ]
1<l<n ’

where 0-.;%,1' = E[§%] and UZZ,j = E[Z]z] = E[{IZ].

The proof follows as a special case of the proof of Proposition 2.4 of Giné, Latala, and
Zinn (2000).

Lemma B9. If Assumptions 1-3, 7, and 8 are satisfied, then the following results hold:

(a)
2PV ||?P4 1
=0(-3).
Mn

E
Mn/n
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(b)
ZDpV |*P1 1
E =O<—>5
/Jvn«/ﬁ anq
(©)
7 |*P 1
£ Kn /1 =\ )
n Mn

where p and q are as given in Assumption 8.

Prookr. In the argument given below, we make use of the simple fact that if {X,} is a
sequence of M x L random matrices, where M and L do not depend on 7, and if x,;
denotes the (m, £)th element of X}, then for p > 0 to show that

E|X|”=0(),
it is sufficient to show that there exists a positive constant C* such that
Elxmenl?=0(1) form=1,...,M;¢=1,...,L. (817)

To establish this, note that (S17) means that for any (m, £)th element x,,, ,, there exists
a positive integer N (m, £) such that for all n > N (m, ¢),

E|Xpmenl? <C* < o0.

It follows that if we take N* = max{N(1,1),N(1,2),...,N(m,¥£),...,N(M, L)}, then for
n>N*,

M L

Z ZE|xme,n|ﬂ <MLC* < oo.
m=1¢=1

Hence,

E|X,|P = E[tr{X], X,}]P/?

M L p/2
=E[z 2}

m=1¢=1
M L
< max{(ML)p/zfl, 1} Z ZE|xmgyn|p (by Logve’s ¢, inequality)
m=1(=1

< max{(ML)">, ML}C* < oo

for n > N*.
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Now, to show part (a), note that

2PV |?P4 1 2PV ||?P4
Mn/n N Mipq vn ’

so that we need only to show that E||z'PV //n|*P? = O(1). Moreover, in light of the dis-
cussion above, it suffices to show that

— 2pq
P Pv.h 2pq 1 n n
E|: i i| =E|:— Z,'gP,'j vjh
Jn ﬁjzzl Zi:l

=0(1) forg=1,...,G;h=1,...,G+1.

To proceed, note that applying the inequality in Lemma B7, there exists a constant
C < oo such that

el

1 _
¢ max: (2pq)*PIE |:mjjc1x

n

i=1

2pq
2pq
Vi
=0 | jhl i|7

n n 2\ rq
2pg)P1 (ZE [@'h Zzigl’ij] ) }

j=1 i=1

1 —
< —cz”"<2pq>2""E{m.ax

2pq
lﬁjhlz””] (S18)

n
> sl
i=1

1 =2 - - 2\
—=2pq _
+ € (2Pq)pq(ZE[vthZtgPij:| )
=1 i=1
2pq
w,-hPM}

2\ rq
+n1 2pq(2p )pq(ZE[U]hZZtg z]:| ) .

i=1

Zio P;
> Py

< —c P12 )P ZE|:

Next note that

2pq
- 2
[Vl pq:|

n
=Y El|ejPz.g|?P[v[P4] (S19)
j=1

n
i=1
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n
/ 21, 2(pg—1 = 12
=Z(ejPz.g) e Pz.gl (Pq )E|vjh| Pq
j=1

n

< ( sup E|5jh|2pq) Z(e}Pz.g)z(z_’ng.g)(Pq”)
1<j=<n i1

- ( sup E|§jh|2Pq)(zl’ngig)pq forh=1,...,G+1,

1<j<n

where the inequality above follows from CS. Moreover,

n n 2 n
ZE|:5jh Zzigpij] = ZE[ijh(e;PZ.g)]z
=1 i—1

j=1
n
< ( sup E[ﬁjz-h]>zngZeje}Pz.g (S20)
1<j=n j=1

= ( sup E[ﬁjz-h])zngz.g forh=1,...,G+1.

1<j=n

Applying (S19) and (S20) to the upper bound given by (S18), we obtain, forg=1,...,G
andh=1,...,G+1,

1 n n 2pq
ﬁ j=1 \i=1

5 B z/,Pz.g\ P4
=" 2pq?"( sup E|v,-h|2”)(g7>

1<j=n

) o N\Pa[Z Pz, \PY
+C pq(2pq)”q( sup E[v,z-h]) (ng>

1<j<n

_ z/ Pz.,\ P4
SCZP‘I(qu)quC*(ng)

_ Z/ z..\ P4
< CZPq(zpq)quC*< gn 8)
2 1< b
<C ”q<2pq>2qu*<; > ||zl~||2>
i=1

n
< EZPLI(qu)ZPqC*1 Z FARL (by Liapunov’s inequality)
n
i=1
=0(1) (byAssumption 8).

Note that the second inequality follows from the fact that, under Assumption 8, there
exists a constant C* such that (sup; , E[ﬁ%h])pq <sup; j, E|v;,|?P1 < C* < o0.
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For part (b), it suffices to show that

E|:Z_/gDPﬁhi|2pq
Knv/n
1 n 2pq
=F Zio Piiv;
|:,U/n\/ﬁl.§1: ighii lh:|

—O0(1/uf!y forg=1,....,Gih=1,...,G+1.

Again, applying the inequality in Lemma B7, we obtain, for g =1,...,G and & =
LG+1,

1 2pq
E| —= 2z, P,
|:I-14n\/ﬁ§ iglii zh:|

1

= 4 e
anqnp a

n rq
2pg)P1 (Z E[ZigPiiﬁih]z) }

i=1

62pqmax (2pq)*P1E| max |zi, Piivin|*P4 |,
pq ; g

1

=73
Pqnpq

2
b { (ZPQ)ZPqE [max |ZlngzUzh| pq]
Mn

n pq
+ 2pg)?? (Z E[ZigPiiﬁih]2> }

i=1

1 - 2 _
<——C" { Q2p)*P1Y_ |zigPPIP I E 5?79

2pq
[ 2 i=1

rq
+2pg) (Z z, ”E[vm]z) }

i=1

pa
1 —2pq 2 2
< -’ {(2 ) W—E l2ig P + (2pq) P —§ 2

Mn i=1

—2 1 1<
<5 C ”"c*{(z O Z||z,||2m+<2pq>f’q<n ||zl~||2P‘f>}
Mn 1

i=
=0(1/u"),
where the fourth inequality follows from the fact that P;; < 1 by Assumption 1 and by the

fact that, under Assumption 8, there exists a constant C* such that (sup; , E [v7, )P4 <
sup,,hE|v,h| P4 < C* < o0.
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For part (c), it suffices to show that

E|: Z./gih i|2Pq
Mn/1
1 n 2pq
=FE| —— ZiogUip

—0(1/uPy forg=1,...,Gih=1,...,G+1.

Applying the inequality in Lemma B7, we obtain, forg=1,...,Gand h=1,...,G+1,

1 n 2pq
E| —— ZigUip
oy

1
= 2
/J*npqnpq

n pq
2pg)P? (Z E[Zigﬁth) }

i=1

foxal max{ (qu)ZP‘IE[maX |ZigUin IZM],
1

1

n rq
- 2pq = 12pq rq 0
= 2 C {(ZPCI) E[miax |ZigUin| ] +Q2pg) ZE[Zlgvlh]

i=1
1 — R
<—-C ”q{@pq)z‘”qﬁ D lzigPPIE TP

2pq
Mn i=1

1 n pq
+2pg)Pi (; > z%gE[i,-hF) }
i=1

1 — 1 & 1< b

=2Dq s 2 2 - 2

< —M%qu C {(2}76]) ”q—npq 21 |Zig | pq+(2pq)”<n Elz,»g> }
1= 1=

1 —=2pq * 2pq 1 1 " 12pq Pq 1 " 12pq
Sﬂflmc ) @ro n(pq—l)ﬁigljuzl” +@pg) Py 1”21”

i=

=0(1/ui’). O

LEMMA B10. Let x; = (&, {;) . Assume that {x;} is a sequence of independent 2 x 1 ran-
dom vectors such that E[x;] = 0 and such that sup, E|| x;||” < C* < oo for some constant C*
and for some positive integer p > 2. Also, let P;j denote the (i, j) th element of the projection
matrix P = Z(Z'Z)~'Z' satisfying Assumptions 1 and 7. Then

p
—0(1).

1
E'TE > Pt

1<i#j<n
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Proor. To proceed, note that by Lemma B8,

Z Py 5,

1<t;é]<n
<4E|— Z P,,az,
1<1¢1<n
p/2
<C max{(p)p< Z ‘ng g;) ,
1<i,j<n

p/2
1
3p/2 ¢ 242 2
(p)’*“E miax< E Pl-jgiog’j) )

1<j<n

p/2
3p/2 ¢ 2 2
(p)**2E max( > Piog; ) () s E

1<i<n

[n;3x<|Pi,~|f’|§,-|P|’Z,-|ﬂ>]}

p/2 p/2
_ 1
elor(y T Aae) somisne(y ¥ pa)

1<i,j<n 1<j<n

p/2
+(p)3p/2E§max< Z ng )

1<i<n

1 ~
+ (0 s [rr;’a}x<|Pij|P|§,~|p|§j|P>]}.

Next observe that

Z crf IUZ < (CH¥P— Z ZP (by Liapunov’s inequality)

]<1]<n i=1 j=1
= (CHYP <
so that
p/2
( Y Piojo ) <(C*)?* < 0. (S21)
1<i,j<n
Also,

1 p/2
£ = 242 2
E max(K Y PiE 0'{:’],)

! 1<j<n

p/2
=Ko ZEg( > P > (S22)

1<j=<n
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p/2
2
~ Krl2 ZE|§’|p< Z PU(TZJ)

1<j<n

[ 2 p/2
2 2
= o7 2.(C) ( > Pij)
i=1 1<j<n

n
Kp/z P‘D/2 =0(n=*"=2%) forp>2,
i=1

where the order of magnitude given above follows from the fact that, given Assump-
tion 7, we have

n n b/ o2
p/2 _ ~P/2 K _ o2 K
AR >(5) = (o)

i=

i=1

Similarly,

1 p/2
¢ - p/2
E max(K Z 0'51 ) < (C*)? KP/Z ZP

J

1<i<n,i#j
(823)
=0(n~ "% = o(1)
for p > 2. Moreover,
o E[max(1Py 17107 1)
Kp/2 ij v e
< Kp/z [ZZlP,,l"I&I”IQIP] o7 ZZIPUIPE |EIP1EN17]
i=1 j=1 i=1 j=1
1 n n
*\2
= (€5 2 ) IRl
i=1 j=1
(p=2)
2-(0-2) (K
<(CCY (;> o 352 (524)

i=1 j=1

(p=2) n
_ %12 ~(p—=2) K 1 o
—crp(h) ma
K(p—=2)/2
n(P*z)

i—1
=0(n'“/*=DP=2) = o(1) for p > 2 (since a/2 < 1 by Assumption 7),
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where the third inequality follows from the fact |P;|(?~2) < Pl.(l.p -2/ ZP;].’) 22 - Cl(,p 2K/
n)(P=2) 1t follows from (S21)-(S24) that

p
=0(),

1
E‘TE > P&l

I<i#j<n
as desired. O
ReMARK. Note that there is nothing in the argument above that requires that K — oo as
n — oo. Hence, the conclusion of Lemma B10 holds also for the case where K is fixed.
Indeed, the inequalities given in Lemmas B7 and B8 hold both for the case where K — oo
and for the case where K is fixed, and the moment calculations that we will make using
these inequalities will also hold for both cases as well.

LeMmma B11. Under Assumptions 1-4, 7, and 8, the following results hold:

(a)

D _ 17 112P4
E[ Z/(P—Dp)V ]:O( 21 >’
I-’vn«/ﬁ anq
(b)
/ 77 112P4
E[ Z(M + Dp)V }:0( 21 )
Mn\/ﬁ /J,npq
(©)
MV

2pq 1
flsml ]-o(am):
/-anq

where p and q are as given in Assumption 8.

Kn/n

Proor. For part (a), note that by T, Loeve’s ¢, inequality, and parts (a) and (b) of
Lemma B9, we have

E[ Z(P—Dp)V 2”’1] <E[ ZPV | | ZDpV ]21’4
Kn/1 B Kn/1 Kn/1
<22pq—l{E 2PV |14 ZDpV 2pq}
B Mn/n Mn/n
= 0(1/p"),

as desired.
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To show part (b), note that by T, Loéve’s ¢, inequality, part (c) of Lemma B9, and
part (a) of this lemma, we have

E[ Z(M + Dp)V 2”? _EH V. Z(P-DpV TW
Mn/1 Mn/1 Mn/1
H 'V Z(P—Dp)V j|2pq
<E
pn /1 Kn/n
< 22pq_1{E Z/V 2pq Z/(P—DP)V 2[71]}
B Mn/1 Mn/1
=001/,
as desired.
Part (c) can be shown similarly to (b) by applying T, Loeve’s ¢, inequality, and parts
(a) and (c) of Lemma B9. For brevity, we do not give the full argument. O

LEmMA B12. Under Assumptions 1-3, 7, and 8, the following results hold:
(a)

747200 TR 1
E|Z" =35 =0(—5)
n ne nra/?
=
(b)
V'[P —DplV ||*"1 KP4
El—0—| =9—=)
Hn Hn

(9]

. o,
V- (M+Dp)V 1=
SR DE

i=1

rq

1
d J-ofcts)
where p and q are as given in Assumption 8.

Proor. For part (a), it suffices to show that
5/ ah 1 n pPq
E| 2= =N "Eu.
|: n n Z ghi
i=1
Lo Pq
= E[; > Wigin — Egh,»}

i=1

—0(1/n?9?) forg=1,...,G;h=1,...,G +1,
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where & ¢h,i denotes the (g, h)th element of 5, = Var(s;, V7). Applying the inequality in
Lemma B7, we obtain

1 n rq
E[; > Wigin — Egh,»]
i=1

1 . —_— _— o d
< —C" 'max (pq)pqE[maxwigv,-h = ,-Ipq],
np4 i ’

n Pq/2

(pg)P9? (Z E[vighin — Egh,i]z) }
i=1

L =ra i T T = . .Pd

= 7" (pa)PIE [ max g, — Z il

n Pq/2
+(p)P?? (Z E[VigVin — Egh,,-F) }

i=1

1 — N = =
< ﬁcp"{wqw > Elvigtin — Egnil™
i=1

1 N - o
< WG”"{(pq)Pq > Elvighin — Egnil™
i=1

Pq/2
+ (pq)pq/Z <ZE[vzgvlh 1+ Z‘—‘gh z) }

i=1

1 =pq (N e = =
i {(pq)”qZPq > ERiguipl? + > | Egnil P

i=1 i=1

pq/2
+ (pg)Pi? (Z E[v; gvlh] + Z Eéh,i) } (by Loeve’s ¢, inequality)
i=1 i=

1
<Cpq{(pq>f’q2”q =) ( 3 JEfvig Py Emg e + - Z|~gh,|M>
rq/2
+(pq)”/2npq/z( Z\/E(Ulg vE(Uth thz) } (by CS)
( ZEHV 1279 4 = Z(EIIVII )Pq>

i=1

squ{(pq)f’@”q‘ln _
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pq/2
+ ()P pqﬂ( ZEnVn + - Z(EHV || >2) }

2 —
1(—ZEnVinzf’q)
n
i=1

_ 1
< C’”’{qu)"q2”"‘1 =

rq/2
+(pq)P1? Wz( ZEIIVH) }

(by Liapunov’s inequality)

2
3 (— > :EnVl-nzf’q)
n
i=1

_ 1
< C”q{(pq)”q2f~”q‘1 e

n

pq/?
1 (2
+(pg)P1? pq/2< Z(EIIVIIZP")Z/(”")) }

i=1

— 1 ~ 1 ~
<cM { (pg)Pi27t~! ch + (pq)Pi? a2 21”1/2C} (by Assumption 8)

_ O(l/npq/z).

For part (b), let v.¢ denote the gth column of V, and note that it suffices to show that

V[P — Dplvj, |71
ua
qu> ' 2pq
= Piivi,v
4pq Z ijligVjn
\/_ 1<i#j<n

K P
=0<4—), fOI‘g:l,...,G+l,h=1,...,G+1,
anq

but this follows immediately from Lemma B10 by taking &; = v, and n; =v;;, for g =
.,G+1,h=1,...,G+ 1. Hence, the desired conclusion follows.

Finally, to show part (c), note that
Prq :|

‘(77 1 :)_V(P—DP)V

n

V(M+DP)V ZH’

\

rq
I o

~1i
n

i=1
472000 R
Y _INE,

i=1

N H Ve —nDp)V
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774 n pa 2NPL T (P — Do\ 174
szpq—l{E v _1Is g +(&> EH—V i ZDP)V }
no one n 2
(by Loeve’s ¢, inequality)
774 n pa INPL/ T (P — Do\ 12PN 1/2
<o gV Iz +<&> (EHM )
n n = n w2

(by Liapunov’s inequality)

nPa/2’ \ n

bz
= O(max{ ! (E> ) (by parts (a) and (b) of this lemma)
=0(1/nP1?). O

Lemwma B13. If Assumption 9 is satisfied, then the following results hold for each n such
thatn—K>L=G+1:

@ X MX/n is positive definite with probability 1,

(b) X X/n is positive definite with probability 1,
where X =[y X].

Proor. To prove (a), note that, under Assumption 9, X, M X,/ n is positive definite with
probability 1 for n sufficiently large. Now, since

X'MX _D-'XMX.D™!

b

n n

1 0
-1 _
b _<—5o 16)’

we deduce that X' M X /n is positive definite with probability 1 as well for n sufficiently
large.
To show (b), write

where

XX _ X MX N X PX
n n n

Since the matrix Y/PY/ n is positive semidefinite with probability 1, it follows from the
eigenvalue inequality given in part (a) of Exercise 12.40 of Abadir and Magnus (2005)
and from the result given in part (a) of this lemma that

XX X MX X PX
Amin T > Amin T + Amin T >0,

so that X X /n is positive definite with probability 1 for n such that n — K > L. O
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ApPPENDIX C
Lemwma C1. IfAssumptions 1 and 4 are satisfied, then the following results hold:
€y

ZMz
n

1 n
== llzi = mxaZil* = o(1),
i=1

(b)

ZMz 1 <
Amax< - )s;Zuzi—m@ZinZ:o(l).
i=1

Prookr. To show part (a), write

ZMz
n
N ETAYE
n
|z = Za, Y U — PNz — Z7y,)
n
5 (z—Z 77}<n)’;(2 - Zm,) ’ (using part (b) of Lemma B4)

1 n n
= tr{ ) Z Z(Zi — TknZi)(Zi — TknZi) (zj — Tgn Zj) (2 — WKan)’}
\ i=1 j=1

2
1 n
< (; > (zi— mgaZi) (zi — WKnZi)>
\ V=l
1 n

==Y (zi — TknZ)) (zi — TKnZi)

n
i=1

1 n
= Z lzi — 77'K,1Z,-||2 — 0 asn— oo (by Assumption 4),
i=1

where the second inequality follows from using the fact that tr[ 4AB] = tr[BA] and then

applying CS.
Part (b) follows immediately from part (a) by noting that

G

Z’Mz ZZMz
§ : 2 _
g=

ZMz
n

O
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Lemma C2. Suppose that Assumptions 1-4 and 7 hold. In addition, if Assumptions 8
and 9 are satisfied, then for n sufficiently large, there exists a constant C* > 0 such that

~1
- C
H (S;lx/(P —~Dp)Xx S, - {KHHM - }S;lX/(M - DP)XS,;—l) T4
< @H
=" Cs A
where G is the number of endogenous regressors in the IV regression.
Proor. To begin, write
C ~1
H (Snlx/(P —Dp)XS,; - {%HHM -= }Snlx/(M + DP)Xs;,1> Ta
n
= H (S,;lx’(P —Dp)X S !
~ c -1y r—1 !
— { KHLIM — ; S, X'(M+Dp)XS, TanB
+ (S,;lX’(P —Dp)XS,! (S25)
~ c -1y r—1 -
— { KHLIM — ; S, X'(M+Dp)XS, HAQBCQC
+ (S,;lX’(P —Dp)xS;7!
~ ¢ -1y /—1 -
— { KHLIM — ; Sn X' (M —}-DP)XSn HAOBCQCC'
We will consider each term on the right-hand side of (525) in turn.
To proceed, note first that by part (c) of Lemma B5, we have
c ~1
” (S;lx/(P —Dp)XS, 1 - {%HHM - }S;lX/(M + DP)XS;‘l) Lans

VG

C LanB-
Ag (SJI[X’(P -Dp)X — {?HLIM — ;}X/(M+DP)X:|S;1_1)’

min
1<g=<G

To analyze min| <z |A¢(S; [ X'(P — Dp)X — {Ruum — $}X' (M + Dp)X1S;71)|, we make
use of the fact that X =Y + U = z8,,//n + U and write

C
s, (X’[P —DplX — {?HLIM — ;}X’[M +DP]X>S;1_1

=8, 1(28,/\/n+ U)Y'[P = Dpl(zS),//n+ U)S;!
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— RuumS, | (28,//n+U)'[M + Dpl(z2S,/~/n+ U)S,!
C
- ;S;l(zS; JNr+U)Y[M + Dpl(zS,//n+ U)S,

_ZUn—Dplz Mz N (Z[P — DplUS;7  +S,1U'[P — Dplz)
n n Jn
Z'[M + Dplz

+ 8, 1U'[P - DplUS ' — Ruum

- (Z[M +DplUS;7' + 8 1U'[M + Dplz)
— KHLIM
N

~ C
— RS, U'IM + DplUS;T! + =S 1U'IM + DplUS;

N C Z'[M + Dplz N C (Z[M + DplUS,; ' + S, 'U'[M + Dp]z)
n n n Jn ’

Next, note that conditional on the event .4 N B, we have

C
Ag (s,ﬂ [X/(P —Dp)X — {?HLIM - }xw +DP>X]S;‘> ‘

min
1<g=<G

(z = Zmy,) M(z - Zﬂ'}(”)>

> )\min{Hn} + /\min <_ n

(Z'[P - DpIUS;7 1 + S, 1U'[P — Dplz)
+ Amin
Jn
e _ ~ Z'[M + Dplz
+ /\min(Sn 1U [P - DP]US,/,l 1) + KHLIMAmin<_M>

n

(Z'[M + DplUS +S;1U’[M+Dp]z>)
Jn
+ RHLIMAmin (=S, 'U'[M + DplUS};)

¢ - /— c Z'[M + Dplz
+ Amin(S; U'IM + DpIUS,) + ;Amm(%)

+ KHLIM Amin (-

C (Z'[M + DplUS; L + S, 1U'[M + +Dplz)
+ — Amin

n Jn
(obtained by applying inductively the result of
Exercise 12.40 part (a) in Abadir and Magnus (2005))
(z—Zmy,) (z— Zmy,) } P DplUS; !

p NG (526)

> Amin{Hn} - /\max{

_ _ . Z'[M +Dplz
— IS, U'[P = DPIUS Y| — [Rium| | ————2

Z[M + DplUS,™
Jn

— |Ruum IS, 'U'IM + Dp1USY|

— 2|KuLm|
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C , _
- ;nS;lU [M + DplUS!|

C|ZM+Dplz| _,C Z[M +DplUS/!
n n n Jn
1 < Z'[P - DplUS;!
2 MninlHa) = — 3 llzi = wgnZill* —2 Jg .

i=1
— 1S, U'tP - DpIUS, |
Z[M + Dplz Z[M + DplUS;!
n Jn

~ — 7 /— C — /—
— [RuumllIS, LU IM + Dp1US; 7| — — IS, W' M+ Dp1Us; |

— |KHLIM] — 2[KuLm|

C

n

Z[M + Dp]z
n

C
_2=
n

Z[M +DplUS; !
Jn

(using the same argument as the proof of Lemma C1 part (a)),

where H,, = Z'[I, — Dplz/n.
Now, there exists a constant C; such that

Z[M + Dplz

n

M "D
< zZZMz Z’Dpz (by T)

n

iy X ) (827)

< 27z +Cp <—> ' zz (by Assumption 7)
n n
<(Cy <oo (byAssumptions 1, 2, and 7 and Lemma C1 part (a))
for all » sufficiently large. Also, let D, = diag(u1n, - .., nGn) and note that
Z[P—DplUS;!
Jn

_1. || Z[P —DplU

< IS4 == H
Jn
~~ 1
- \/tr{D,;l(S;,s,,)—lD,;l}TJtr{U/[P ~Drlzz[P - DplU)
n

< G ! Jtr{U'[P — Dplzz/[P — DpU}
= — _— P —_ P

Amin(87S) :U’n\/r_l

(528)

< /ﬁﬁ\/v/w — Dplzz/[P — Dplv+ tr{U'[P — DplzZ'[P — Dp]U}
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G 1 v
NV 55 i\ P —Dplzz'[P—D U
[zl () r-pmrer oo o]
_ G z’[P—DP]VH
- )\min(g;/g)

l-‘vn«/ﬁ

Mn/n

for constant C, such that G/ Amin(§’§ ) < C; < oo. Note that such a constant exists in light
of Assumption 2. Moreover, by similar argument, we also have

V'IP-DplV

IS, U'lP = DpIUS, M < G H 5 ' (S29)
M
Z[M +DplUS/! Z[M +DplV
<VG|——————|, (S30)
Jn 2 v/
||S;1U/[M +DplUS, |
- wiSTHW(U'IM + DplU — E{U'[M + DplUDS/!
- n
2 —1E T™M + D —1
+(%)‘un5n U’ n+ P1U)S;, by T)
" (S31)

( n ) H (V'IM +DplV — EIV'[M + Dp]V]) H
<G - n

( )HE{V [M + Dp]V} H

_c2<M%) +C2< ) ZHZ

where Z; = Var(e;, /) and where the last equality follows in light of the fact that by
direct calculation,

n

V'IM + DplV
TP"ZW

2

Ele,V'[M + DplVey]
=tr{[M + DplE(0.,0,y)} = tr{{M + Dpldiag(Z1,4n, .- » Fn.gn)}

n n n
=Y (A=Pi)Zign+ Y PiFigh=y Hign forg,h=1,...,G+1,
i—1 i—1 i—1

from which we deduce that

E(VIM+DplV} 1 _
n nZ
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Moreover, note that

1 n 1 n G+1G+1
Y| = IS = | Y Y Emma)?
i=1 i=1 g=1 h=1

G+1 2
(Z E[ﬁl?g]) (by CS)
g=1

G+1 ray 1/pq
= (E |: Z E%g:| ) (by Liapunov’s inequality) (S32)

= E|[V;||*
< (G)I/Pq :=C3 <oo (byAssumption 8).

It follows from (527)-(S32) that, conditioning on the event .A N 3, we can further bound
(526) by

min
1=g=<G

Ag< [X/(P Dp)X — {KHLIM—%}X/(M+DP)X]S;1>

1 n
> AmintHa) = = 3 l12i = mxn Zill*
i=1

Z[P—DplV H c H VP —DplV H
2
o Ma

~ C ~ C
- <|KHLIM| + ;)Q - 2<|KHL1M| + ;)\/ G
~ c n
- (|KHLIM| + —>C2<—2>
n 2
~ C\(n
- (|KHLIM| + —> <—2)C2C3
n My
1 < 5 - C
= Amin{Hn} = - > llzi — mkn Zill* = 2117/ Cy — Coma — ( [Ruum| + ~ )<
i=1
~ C ~ C n
- 2(IKHLIMI + —) N4V Cr — <|KHLIM| + —)C2<—2)773
n n w2
~ C\( n
- (|KHLIM| + —) (—2>C2C3,
n My

which holds for » sufficiently large.

BNAE

Z[M +DplV H
mn/n

V' M +DP]V 1 2”:

v T Pply =

(833)
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Next, we derive an upper bound for |kKgrv| conditional on AN B. To proceed, let
84 =1 =8}y m]» and note that

&, X [P —DplXd,4

5’AY/[M +Dp1X 5,

_ ( 1 ) 3, X [P — DpIX5,/uj
n )8 X'[M+DplXd4/n

KHLIM =

(S34)

Focusing first on the numerator of (534), we have

8, X'[P—DplXd,

ua
(80— SHLIM) 'S D, <Z’[P - DP]Z> D,S,(80 — uLm)
Mn n Mn
N 527/[1’ — Dplz D,S/,(80 — Srim)
Kn/1 Mn
N (80 — duLm)'SyDy, 2'[P — DplV, N 5/47/[P —DplVé,
Mn Mn/1 IJ%
(80 — Surm)'SuD <Z’[1n — DP]Z> D,.S},(80 — Surm)
Mn n Mn
(80 — St1m)'SuD, (Z’[In - P]Z> D,.S},(80 — Sum)
Mn n Mn
N (54— 84,0)V'[P - Dplz D,S/,(80 — drum)
Bn/n Mn
+ (80 — SHLIM)' Sy D, Z'[P — DplV (84 — 84.0)
Hn Mn/n
N 52,07/[}) —Dplz DS, (80 — d11im)
Bn/n Mn
N (80 — Suim)'SuDy Z'[P — DplV 84,0
Mn Mn\/ﬁ
(84— 54,0)’7/[1” — DplV (8,5 — 84,0) 6/4,07/[13 —DplVéa,
+ 2 + 2
My My

(54 —84.0)V [P —DplVbay 6;,07/[P —DpIV (84— 840)
+ 2 + 2
I I

ZMz DS, (80 — dmum) ||*
> <)\min(Hn) - )\max( >> H bon
n Mn
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< Z[P = DpV ||| DS, (80 — d1im)

—2[164 = 84,0l
Mn/1 Mn
Z[P = DplV ||| DuSly (80 — Srim)
—2[164,0ll
Mn/1 Mn
~ ,| V1P = DplV VP - Dp]V
— 1164 — 5 — 84,0
My

V[P—-DplV

- 2”7” 184 — 84,0180,

where the inequality above follows from using the result of Exercise 12.40 part (a) in
Abadir and Magnus (2005) and from applying T, parts (a) and (b) of Lemma B5, and the
submultiplicativity of the Euclidean norm. Next note that

184 — oa0ll = 8L — Soll

<18, 1187 (80 — Srrm)

- G ‘Dug,f,(ﬁo — SHLIM) H
B Amin(S,gSn)

Mn
3 ~
/“Ll’l

where the second inequality follows from the fact that u, < uj, forj=1,..., G. Applying
this bound and also the inequality in part (b) of Lemma C1, we obtain

8, X'[P—DplX5,
ua

1< DS, (80 — duum) |*
= <)\min(Hn) - ; § lzi — 7TKnZi||2> H n " H
i=1 n

P—DplV DS/ (89— 2

Z'[ Pl H\/C_ZH Sy, (80 — OHLIM) H
Mn\/_

Z'[P—DplV H ” D,.S,(80 — duum) H
Mn/1 Mn

V'[P —DplV H H D,.S,(80 — drum) H2

M% Mn

—2[[84,0l

-G

VP -DplV DS (80 — SHLIv)
—2HTPH||8A,0||¢02 #on H

Mn

V[P —-DplV
Hipuua ol
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Now Assumption 7 implies that there exists a positive constant C4 such that ||§ A,O||2 <
G + ||89]|? < C4 < 00. Moreover, by Assumption 2, there exists a constant C, such that
Amin(z'z/n) > C, > 0 for n sufficiently large. Hence, together with Assumption 7, this

implies that, for n sufficiently large,

Z'[I,, — Dp]z
)\min(Hn) = Amin(%)

> (1 - CP§>)\min<£>
n n

K
> <1 —CP—>C* = C5 > 0.
n

In addition, Assumption 4 implies that for » sufficiently large,

1< C
- > llzi — mraZill? < FS
i=1

It follows that

&, X [P~ DplXd,
na

ANB

Mn

¢ DS, (80 — duim) ||
z{(Amin(Hn>—;ani—mzinz) H D

5 Z'[P—DplV H\/fHD S/(50—3HLIM) H

Mn\/—
Z'[P—DplV D;LS;(50 — SHLIM)
—2[184,0ll
Kn/1 Mn
o V'[P -DplV H ”D wS1 (80 — SHrM) H
l“(’n Mn
V'IP—DplV D,.S/,(80 — drum)
[Py |25
1 n
V'[P —DplV
- H e H ||5A,0||2}]1Am6
My

(835)

(S36)

1 n
> (Aminmn) == > Nz = mnZill? = 2mIVCo + Vil = malVCo + ¢C412>
i=1

- ~ 2
DS, (80 — duLIM)
Mn

Tans

X ‘
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><C Gs 2C5[JG+JG]_C5[¢C_2+JC_4]2>

6 22VG+VGl VG + VG

LanB
Mn

(using expressions (S2)-(S5) and (S35)—(S36))

Cs 2Cs  Cs\| DS, (80— duum) ||*
<C5__5__5_F5)H w270 Lans
Mn

- - 2
N H DS, (80 — éHLIM)

6 12

_G
2

>0,

D,.S,(80 — duum) HZH
Mn

so that 5’47/ [P—D P]Yg}l Ang is nonnegative for sufficiently large n. Combined with the
fact that 527/ [M + Dp]X 3, is positive with probability 1 for sufficiently large n in light
of Lemma B13 part (a), we deduce that kvl ang is nonnegative, from which it follows
that

0 < KurmlIang
_ ( ul ) &, X [P~ DplX 54/’ .
&, X'[M +DplX54/n

AnB

= -
5 ( w2 ) .0 [P = DpIX8s0/py
N n y/[M—}—DP]YSA’O/H

_ ( )8 [P — DP]g//“LnH
= M + Dple/n "5

To derive an upper bound for kKprivmI 43, we first note that

&P —Dpla| |84V [P—DplVéay
17 13
,|V'IP = DplV ”
I

<Cimp
and that, by Assumption 8, there exists a constant Cg such that

&[M + Dple — E{¢[M + Dple)
n

&[M + Dple
n

. ‘E{s’[M+Dp]s} _
- n

8[M+DP]8__Z

1 n
=Y 0t~
i=1
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V'IM +DplVé,
A 0 el
p . 252\,0Ei5A,0

= _264 oﬂ—«zSA 0—
i=1

VIM+DplV 1
L

i=1

- _
> 182,017~ > Amin(Z0) = 184,01

i=1
> Ce — Cym3

for all » sufficiently large, from which it follows that

&'[P— Dp]é‘/[.bn
0< I < — 1
KHLIM ANB = < > < [M+DP]8/H

s c - (837
Fon 4M2 M 4M2
— | =—1I — I .
S(n>C6—C4n3 AnBS(n> Ce AnB
Further analysis of the lower bound given by (S33) using (S37) yields

)\g( [X (P—Dp)X — {?HLIM— %}X/(M-FDP)X]SZ_l)‘

min
1<g=<G

2C C
Amin{H }__Z”Zl_WKnZ ” —2mv G —Comp — <& énz + )Cl
6 n

2C. C 2C. c
-2 i 24 = ) na/Cr - 4 2Cm2 24 2o, — |3
n Cg n n GCg n ua
22c C
() ()
n G n)\ us

- VG Cy
> AmintHn} =~ 3 ll2i = mxn Zill* = 21/ Cy — 4

. C, MM
i=1
2C1Cy  2CCy 2C,C5Cy
Y (e A Tt e A et e Semot
( 2+ Ce + Ce n3 + Ce 2
2/ C
_ c(cl C2 C2f3) (S38)
n :u“n My
1 < 2Cs5/C,
>Cs—~ Y |lzi — mgnZil? —
n ; ' e 24(/Cr + /Cy)
_4«/C2C4 Cs Cs5/GC
Co 8JGC4C712/CoCy
2CC 2C,Cy C 2C,C5C. C5C
_Cer14Jr 2Ce Co | 2620504 5C6
Cs Co 2Cy Cs 48[Cr(Cy + C3Cy) + C1C4]

— + =
n n 8 GC4C7 ,L,Ln 2C4 2

(c1 WG G G Co C2C3>
-C + —
K
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1 n
= Cs = )z =T Zill® = 35 = 55 = o
i=1
C Cr + Ce/Cr _£ CrCo +2C,C5Cy
W eTone: 2y ’

M
where the third inequality follows from making use of (S2)-(S5) and the lower bound
given by (535). Now let n be sufficiently large so that

1w C C Ce/C C
=3z - mrnZil? < 2, —(q - #) <2,
n = 6 n 4/ GC4C 12
a (S39)
£ CCe+2C,C3Cy _ E CrCe+2C,C3Cy - g
,u% 2Cy ~ b 2Cy 12’
and we have
: -1 / ~ C / r—1
1m1nG /\g(Sn [X (P—Dp)X — {KHLIM — ;}X (M—}—DP)X]S” )
<g<
S40
G G G G G (G Cs (540)
Z CS ___________ A = _,
6 12 24 24 12 12 2
from which it follows by part (c) of Lemma B5 that
C -1
H (Snlx/(P —Dp)XS 1 - {%HHM - }San/(M + Dp)XS;ll) L4nB
<VG/ <1minG Ag <Sn1 [X’(P —~Dp)X
== c (541)
- {?HLIM - ;}X/(M +DP)Xj|S;¢1) DHAmB
2VG
= TH.AOB-
5

Next, we consider the second term on the right-hand side of (S25). In this case, since
KuLm > 0 under event C, we have that

0 < Kuuml gnsene
o, .
_ ( 2 ) S\ X 1P — DpIXBa/pi;,
n )& X' [M+DplXda/n

ANBENC

) ( Mg) 8 oX [P — DplX5,0/u
- S’A’OY/[M +DplX84,0/n

(u_ﬁ ) ¢'[P —Dple/u;

c
n ANBENC

n ) &M+ Dple/n ANBNC:
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It follows by the same argument as (537) that

2Cym;

Kuumlgnsene < (7) Ce Lansene- (542)

Moreover, following the same argument as that used to derive (S33), (S38), and (540), we
have that conditional on AN B¢ N¢C,

min
1<g<G

’\g( [X (P—-Dp)X — {?HLIM - %}X/(M+DP)X]SZ_1>’

1 n
= Amin{Hn} = > llzi — mka Zill?
i=1

Z[P— DMW‘CHVW—DAW
2
pn /1 ua

C - C
(KHLIM + )Cl 2<KHLIM + ;)v 6)

~ C
- (KHLIM + )Cz( 2)
h My
~ C\(n
- (KHLIM + —) (—2)C2C3
n)\u?

1 n
2
zcs—ZE lzi = TknZil® — —= — 57 — 5,
i=1

-2JC,

Z[M+DplV
mn/n
VW+mw_1”

— ‘—Vl

3 E(Cl+ Cs/Cr )_ £<C2C6+2C2C3C4>
n 4JGCyCr)  ui 2C,
.G
=2

for n sufficiently large, so that (S39) holds. As before, it follows from applying part (c) of
Lemma B5 that

g c -
” (S,IlX/(P —Dp)XS, " — {KHLIM - ;}S,IIX/(M + DP)XSZ_1> Lansene

<\/—/< min

<g<

)\g< |:X (P-Dp)X

c (S43)
_ {FEHLIM — ;}X/(M+Dp)Xi|S;l_l)DHAchmC

2VG

<—1I CAC-
— CS ANBENC

Finally, we consider the third term on the right-hand side of (525). We start by deriv-
ing an upper bound for |KuLim|I gn5cncc- Since Kuriv < 0 under event C€ and since the
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denominator term ’5\27/ [M +DplX 5, is positive almost surely for all # sufficiently large,
we must have
8 X'[P— DplXd,

0= ANBCNCC
na

D,.S/,(80 — SHLm) Hz
Mn

1 n
> L anpence ({Amm(H”) - > iz — mknZill?
i=1

Z'[P—DplV D,.S,(80 — duum) |*
n\/— Mn
Z'[P—DplV H D,S,(80 — Surm)
Mn/1 Mn
H V'IP—DplV
2
V [P — DP]V
w2

-2

-1
H 1S,

=2[[84,0ll

DS}, (80 — i) ||
Mn
‘ D,S},(80 — d11im) H
Mn

S-1)2
H 1S,

—ZH H 184,018,

V[P —-DplV
Hi[ ol Hns ||>

1 n
> {)\min(Hn) - > llzi — mkn Zill* — 2117/ Co — nzcz}

i=1

- - 5
DS, (80 — 6HLIM)
X " I qnsenee
n

D,S,(80 — duLm)

Mn

—2/Cafm1 +VCama)

Making use of (S2), (S3), and (S35), and letting » be sufficiently large so that

H [ gnBence — Camall gnpence-

n

1 2

n E lzi — mxnZill” < Cs/6,
i=1

we obtain

1 n
!Amm(Hn) =2 Nz = mnZil? = 2m/ Gy — nzcz}

i=1

D,S/,(80 — SHLm) 2
X L gnsence
Mn
- {C Cs 2C54/Co C5C, }
= 55— —— — -
6 24(VCr+/Cy) OV + V4P

D,S,(80 — duLm) 2
X “ [ AnBence
n
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s
> {Cs _ 66 %}” D#Sn(é(l: SHLIM)
n

2
6 12 H ]I.A(TBCQCC

6
=2

D,.S,(80 — duum) |*
Kon H HAQBCQCC 20

Mn

It follows that

&, X [P —DplXdy4
M2 L 4nBence
n

> —2/Cy{m1 +v/Camp)

0>

D,S,(80 — drum)

Mn

” ]IAOBC nce
(S44)
— Camall gnpence

> —{2v Gy + 2V CCs + Co)m Y gnpeqces

where the last inequality follows from the fact that, under event B€, ||D,L§;Z(60 —
duLmM)/mnll < 1. Now (S44) implies that
8, X'[P—DplX5,
ua
<2V Cam1 + 2V CCy + Co)maY gngence-

ANBENCCE
(S45)

Turning our attention now to the denominator term of kv and letting A =[5 1],
we can write

X'[M + DplX
n
_AY'IM+DpIYA  AYIM+DplWV V'[M + Dp]Y A N V'IM +DplV
- n n n n
A'S,Z'[M + DplzS,A ~ A'S,Z[M+DplV V'[M + DplzS,A
= 2 + 3/2 3/2
n n n

N (7’[1\4 +DplV—E[V M + DP]V]) . E[V'[M + Dp]V]
n n ’
so that
. (Y/[M-FDP]Y)
min 7

— min

‘ (E[V'[M + Dp]V] L ASZIM + DP]ZS;ZA>
n n?

_w@ﬁM+Dﬂ7—ﬂ7MLH»WmH_4A&AM+DAVH
n3/2 :

n
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Next, note that, by Assumption 8,

E[V'[M+DplV] AS,Z[M + DplzS,A
min n + n2

1< A'S,Z [M + DplzS. A
Z)\min<zzzi>+/\min< n P & )

3
i1 n

(546)

>Cq>0

for all n sufficiently large. Moreover, by Assumption 7 part (e), there exists a constant C;
such that Anax(S),S,) < C7 for all n sufficiently large, so that

” A'S,Z'[M + DplV H

n3/2
- ” wnA'SyDy ||| 2 IM + DplV ”
B n Kn/n
_ u2D, S, AN'S,D,, || ZIM + DplV
= T n2 \/_
Mn/ 1
[M + DplV (547
M , o , Z'[M +Dp
= (L) 122D, |\ (G + 18012 Amax (S5, —Z/[MJFDP]VH
(ﬁ)nn V(G + 1801 Amax (S, S o
=< GC4C7774’

where last inequality follows in part from the fact that |[n=1/2D,,|| < VG, since u in<~/n
(j=1,...,G) for all n sufficiently large. Conditioning on A N B¢ N C¢, it follows from
(S46) and (S47) that

min

(Y’[M +DplX

! ) > Co— 3 - 2/GCiCrmy (s48)

for all n sufficiently large. Equations (S45) and (S48) together imply that

[KuLm I gnpcncc
_ ( i ) 8, X [P - DpIX54/uj|
n) §X[M+DplXoa/n

HAnBC nce

_ < i ) 6, X [P — Dp1X84/12|

— — HA BC CC (849)
n ) Apin(X'IM + DpX/n) ~ 0 "
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- (M_ﬁ) 2V Cim1 + 2V GGy + Cy)ma e

n)  Co—m3—2/GCyCymy  ATETC
_ <M_%> 2[2¢Cqm1 + 2V GGy + Cy)ma]

I CACC
. Ce ANBENCE»

where the last inequality follows from (S4) and (S5), which imply that

<% and <L
m=7 =8 /GGG

Using the result given by (549), we have, conditioning on AN B¢ NCC,

~ C _
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Z[M+DplV H
mn/n
VIM+DplV 1
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-e(5)()
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where the second inequality holds because both —KppimMAmin(z'[M + Dplz/n) and
—KHLIM Amin (S}, l'IM + DplU S;l_l) are nonnegative conditional on the event

{knLmm < 0}. Making use of (52)—(S5) and (S35), we can further bound expression (S50)
by

min
1=¢=G
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1 n
2
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=Cs— 2 lm—maZil® =3 — 5~ O e
s lzi — mknZil 2 12 n( 1+4 GC4C7>

i=1

C (C2C6 + 2C2C3C4>

" 2C4

Next, let n be sufficiently large so that (S39) holds. Then we have

C
min_|Ag <S;1[X’(P —Dp)X — {?HLIM - —}X/(M-I-DP)X]S,Tl)‘
<g= n
G GG G G Cs C
SCs— 2B

from which it follows that
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” (Snlx/(P —Dp)XS 1 - {%HHM - }San/(M + DP)XS;[1>
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5«/5/( min

1<g=<G

Ag<s,;1 [X’(P —Dp)X

c (S51)
— {zHLIM — ;}X/(M +DP)Xi|S;Z]) ‘)H.AHBC(WCC

2V/G

= TSHAmBCmco
Equations (S41), (S43), and (S51) immediately imply the desired conclusion. O

Lemma C3. Suppose that Assumptions 1-4 and 7 hold. In addition, if Assumptions 8
and 9 are satisfied, then, for n sufficiently large, there exists a positive constant Cg such
that

SAX'(P-D . C|S;'X'(M+D
n XL P {KHLIM - —} n XM+ Dp)e g < Glig.
Mn n Mn
Proor. To proceed, first write
S 1X'(P—Dp)e {~ C}Sn1X’(M+DP)s
— {KHLIM — —
Mn n Mn
_ Z(P—Dp)e N S 1U'(P—Dp)s
N Mn
{N C}(z/(M-i—Dp)g S;lU/(M+DP)s>
— ) KHLIM — — +
n N Mn
_Z(P—Dp)Va N Sy VBV (P = Dp)Véa
N Mn

{~ C}(z’(M—i—DP)VSA’O S;lFQV/(M+Dp)784’0)
— \KHLIM — — + ,
N Mn
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so that by T and the submultiplicativity of the Euclidean norm,

S;1X'(P—Dp)e {N C}S;1X’(M+Dp)g
— {KHLIM — —
Mn n Mn
Z(P—Dp)V o~ V'(P—Dp)V
<8 a0ll | ——22 | + 184 0llIDZ IS o | ———=22
<11da,0ll i ”+II A,0lD LS, HEE |l ;
- Z(M + Dp)V
+ [kuaLml| 1840l 7”
NG
- 1y V(M + Dp)V
+ [Rewml18.4,0 11D, 1S, 1 F2 —PH
n
C ZM+Dp)V| C o~ V(M +Dp)V
+ 840l o |+ 1840 lID IS  IF ) |
n ﬁ,un n n
Z(P—Dp)V V' ®=DpV
<VCs —H +VGCoCall Dy | ‘72”
- Z(M + Dp)V
+ [kuLm|v Cq QH (S52)
NV
~ _ VM+Dp)V| C Z (M + Dp)V
+ [Rermlln Dy, IV G C2.Cy —2P)H + VG QH
n n \/ﬁl-l’n
_ C|\V'M+Dp)V
+ D VGGG~ H—ZP H
n 174
Z(P—Dp)V V' (P-Dp)V
<J/C, #H_FG /C,C, (—2”)H
Mn/1 M
~ Z(M + Dp)V
+ |Kaummlv/ Ca ﬁH
N
~ VM+Dp)V| C Z(M +Dp)V
+ [kaLM| GV C2Cy (—ZP)H+—\/C4 (71))”
n n \/ﬁl-Ln

b

C|V'(M+Dp)V
+G /C2C4;H(;2P)
My

where the last inequality above follows from the fact that || ,unD;1 | <vG given that u, <
wjn (j=1,..., G) by Assumption 2. Next write

S;'X'(P—Dp)e [~ C)S;'X'(M+Dp)e
— {KHLIM — — La
Mn n Mn
S1X'(P—Dp)e . C|S;'X'(M+Dp)e
= — {KHLIM — — TanB
Mn n MKn
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N ‘ S71X'(P—Dp)e {~ C}S,;lX/(M+Dp)s I
— yKHLIM — — )
fn n n ANBENC
SAX'(P—Dp)e (. C|S;'X'(M +Dp)e
+ — {KHLIM — — I gnBCcnce-
Mn n Mn

Using (S37) and (S52), we obtain

S71X'(P—Dp)e {~ C}S;1X’(M+Dp)a
— {KHLIM — — TanB
Mn n MKn
Z(P—Dp)V VP -Dp)V
VG| ————F—— HHAnB + GV GG H 7210 TanB
/-Ln\/ﬁ lu“n

. (ui)ZCf/z N EURRI0 HH““ .
— n
n Co Vs

N (,,,_g> 2G/C,C* o H V'(M +Dp)V

I
n Cs ua H ANB
C Z(M + Dp)V C |V M+Dp)V
—VG 7PH]IAQB+G\/C2C4—2 —PHHMB
NG K
Z(P—Dp)V V'(P—Dp)V
< VG| —— Hﬂm +GV0Gy H — | Lans
un /1 K
2C3/2 / 17
L2 Z(M+DP)V”]IA ;
N
Ce NG
26V |[ViM+DpV 1
+ Ce 2 " - —Zﬂi Lans
i=1
2G«/_ C3/2 u (M +Dp)V 59
Z i|lLans + — \/C4 \/—7”1,%3
-1 }'l
VM+Dp)V 1
+G\/C2C4 —P——Z~l Tans
Cll &
TGVCCi5 |0 D FilLans
n i=1

3/2

274

2C,
{JCTm + GV G Cymp +

2G6/CC? 2G«/C2C3C2/ 2
t—mmt——m
Cs Cs

C C C
+oV Cyny + Gy C2C4F7)3 + Gy C2C4FC3}HAF18
n n
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3/2 3/2
2G~/ 2C, 2Gv G GC
{v Cami + (G\/ GGy + 3 C—64>n2

P C3/2
Cs

+

42+ — \/C47)4+G\/C2C4 2n3+GvC2C4 C3}]L4m8~

Making use of (52)-(S5), we can further bound expression (S53) as

‘S;lX’(P—Dp)a {N C}S;1X’(M+Dp)g
— {KHLIM — — Tans
Mn n MKn
3/2 3/2
Cs/Ca ( 2G/C,C) G | 26VGGC, )
<I GJCCp+ — =8 A St S
= AmB{ 4G, 204+ Ce 2C + Ce
5 CsCs . 26 G (Cg«/GC7)
16G/ CrCy[Cs + C3Cy] Cs 8JGCsCy 2Cy

C G
+ — \/ m+G\/C2C4 22C + GV Cy 2C3}
Cg Cg Cg C (g ( )}
=1 —+—+—+— G\/CC —+C
A”B{ 478 n8JGCr 2 3

Now, let n be sufficiently large so that

C C6 Cg
n 8\/GC =47 (S54)
Covaa (L)< S
2 2Cq 2C; 3 )=
Then it follows that
‘ S;1X'(P - Dp)e {~ C}S;1X’(M+Dp)a
— {KHLIM — — Tans
Mn n Mn (S55)
Cs Cg Cg Cg Cg
— 4 — + — I = (gl .
_<4+8+8+4+4>Am[5 gllanp <00
By similar argument, we also have under (S54) that
S 1X'(P—Dp)e {A C}San’(M+DP)s
— | KHLIM — — L4nBene
Mn n Mn

26JGC)? ZG./C2C3C3/ 2
<]IAmBCnc{\/ Cami + (Gv CoCy + Ce 3+ Ce 4 )772
(S56)
26" }

Ce nam2 + — \/an4+GvC2C4 27]3+G\/C2C4

<G8l gnene < 00

_|_




48 Hausman, Newey, Woutersen, Chao, and Swanson Supplementary Material

Moreover, using (S49)and (S52), we have

S;1X'(P—Dp)e {A C}Sn‘lX’(M-i-Dp)s I
—\K - — CncC
fn HLIM n L ANBENC
z’(P—Dp)VH VP —-Dp)V
<VCi|——|1I crec + GV CCy || —————|I CAeC
n \/ﬁ ANBCNC P«% ANBENC
+(M_E,)z[m/cm+(2«/C2C4+C4)n2]\/a z’(M—i—DP)V”H e
n C6 ﬁMn ANBENC
2[24/C 2/C,Cy+C
[ 47)1+(C 2C4 + 4)7’2]G@
6

_, _ "
V(M+Dp)V 1=
Y, Zﬂi L 4nBence

i=1

202/ Cy 2JCCy -
[2v/Cam1 + ( C2C4+C4)772]Gm 1

Cs ;ZEL‘ L4nBence
i=1
Z(M 4+ Dp)V H
+ — \/ —||I CACC
[ n ANBENC
C VIM+Dp)V 1A
n M—%G\/CZCA; —— - —Z}:i I AnBcnce
) = (S57)
C 1 ol
+M_%GV e 1o ;;ﬂi Lansence
=

= HAmBCmCC{ Cam + GV CCymp

N 2/ Ca[23/Camy + 2/ CrCs + Co)ma] -
Co

n 2G VG G2V Cim + 2V GGy + Cy) 2]
Co

C C
+ P Cymg + FG\/ CCy(n3 + C3)}
n

4C 4GCy/T 4GC3Cy/T
=]1Aﬂ3cﬂcc{<\/c4+—4 pp AN g T 2)1;1

(m3 +C3)

Cs Ce
2C4[2 C. 2GCu/ Co[24/C C.
—|—<G 0ot 4[x/C2+«/ 4]774+ 4/ 2[Cv 2+ 4]773
6 6

2GCC G2 + /T C ¢
N 3Cy 226 2 4])n2+;~/C4n4+FG\/C2C4(773+C3)}-
n
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Making use of (52)—(S5), we can further bound expression (S57) as

S 1X'(P—Dp)e {A C}Snlx’(M+Dp)a
— YKHLIM — —
Mn n MKn

HAmBC nce

4G Cy/C: 4G C3Cy/C
< I[AQBCQCC {( C4 + 26 2 n3 + 3C64 2)7]1

4C4 2C4[2/Cr + VCy]
+ —=—m4n+ Ce n4M2

GCs
2GCy/ Co[24/C C
+(G it G2V Cy + 4]7’3
Ce
2G C5C4/ G2/ Ch + A/ Cy]
+ Ce 72

C C
+—V/Cana + FG\/@(W + Cs)}
n

4G Cy/Cy C 4G C3Cy4/C
< Lygerce { (rc4 2000 5 060G “)
6 4 6

y CsCs
8(Ce/Csq +2G/C[Co + 2C5C4])
4C4 Cs Cs/ Gy
C6 8JGCyC7 4y C.
N 2C42v G + /Gy C6 CsvG(y

Cs 8V GCyC7 2[24/CrCy + C4]
2G Cy/ Co[24/C: Cy4] C
N eNom WGRVG+VG] Cs
Cs 2Cy
n 2G C3C4/ G2/ Ch + A/ Cy]
Co
CsCo

* SGﬁ[c6ﬁ+ 2V + VT (Co + 2C,Ca)]

C Cs
+ — \/ G\/C C. +C
8«/7GC4C 2 4(2C 3)}
G G c8 c8 c G ,C Ce
I 8,8 / =6
< AMBCOCC{ 3 + 3 + 3 + =+ — " SW G C2C4(2C +C3>}

Now let n be sufficiently large so that (S54) holds, and we have

S1X'(P—Dp)e [ C)S;'X'(M+Dp)e
- LanBence

KHLIM — —
Mn n Mn

Cg Cg Cg C8 CS CS
< < g T3t T3 T3 T3 )lanscnce = Cslanpence < oo

(558)
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It follows immediately by (S55), (S56), and (S58) that

S71X'(P—Dp)e {A C}S;1X’(M+Dp)g
— YKHLIM — —
Mn n MKn

T4

TanB

]IAOBC nC

S1X'(P—Dp)e {A C}Sn]X/(M—i—DP)E
+ KHLIM — — I qnBence
‘ n n U ANBENC

S71X'(P—Dp)e {A C}Sn_lX’(M—l—DP)e
KHLIM — —
Mn n Mn
< Gslans + Csl gnpene + Celansence

KHLIM — —
Mn n MKn
d
ST1X'(P—Dp)e {A C}San/(M+Dp)s
= Glla,

which establishes the desired conclusion. O

LeMmma C4. If Assumptions 1-4 and 7-9 are satisfied, then the following results hold.

(@ Eladj(X,MX,/n)|P”C=0(),

(b) Elladj(X'MX/n)|P7/“~D =0Q) for G =2,
(© E|IX'[M + Dple/n||P?=0(1),

d) EIX.X./n|P1=00),

(e) E[det(X'MX,/n)/det(X’MX/n)]P? =0(1),

where p and q are as given in Assumption 8.

Proor. To prove part (a), first write

a5

ol el )

Consider the spectral decomposition

rq/G
E

X/ MX,
n

—HLH,

where H € O(G + 1) and L =diag(/y, ..., lg+1). Without loss of generality, let [; > --- >
lg+1 > 0 a.s., where the almost sure positivity of the eigenvalues holds for all » suffi-
ciently large, since

X MX, D~'XMXD™

2

n n
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and so Assumption 9 implies that X, M X,./n is positive definite with probability 1 for all
n sufficiently large. It follows by using this spectral decomposition that

X'MX,
adj(*T> = [det(HLH)J(HLH')™!
=det(H'H)det(L)HL™'H’

G+1
= (]’[ lg>HL_1H’ (by det(H'H) = det(Ig,1) = 1).
g=1

Next note that

(5 (7))
- A tr{ Cﬁ[ll lg>2HL—1H’HL—1H’} = tr{ (ijll zg>2L—2}

h=1 g#h

G G
< [(G+D[][=vVG+1]]L
\ g=1 g=1
G G G+1/2 / G
VG +1 (G+ 1o+ 1 X.MX,
= Zlg < tr
GG G+1 n
g=1
- (G+1)2G+1/2 GZ‘HGZH MX* h G
- GG (G+1)2 pr i

(x+,.¢ and x, ., denote the gth and hth columns of X,)

G
(G + 1)26+1/2 G+1G+1 " ng* "
=7 G6 (G+ 7 2 Z( )

g=1 h=1

(by Liapunov’s inequality)

(G+ G2 (GG, M \P\
- T ()

g=1 h=1
G
)

(G+ D92 (I X MX,
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where the second inequality follows as a result of the arithmetic—-geometric mean in-
equality, that is,

M) =23 —TTe= (L5
(1) (2

g=1

Hence, applying Theorem 15.2 part (iv) of Billingsley (1986), we get
X! x
£faa(%7)
n
rq/G
XIMX, X MX,
) [y

REESTEE

GG
Next, we want to obtain an upper bound for the expectation E(|| X, M X./n|)P4. To pro-
ceed, let D, = diag(u1y, . .., wGn) as before and note that since

rq/G

1 ~ _
—zD,S,F;+ T,

X,=[¢ X]|=YFj+[e U]:ﬁ

with F, = [0 1], we obtain

X' MX. zZZMz _ ZMU
' 2| < |18 0% m H + 20 Bl Sull |~ /2D, | H
. ” U'IM + DplU ‘
n
(by T and submultiplicativity of the Frobenius norm).
Moreover, note that using the fact that U = V’D~!, we have
‘MU ZMV
z H < H 1D~ (by submultiplicativity of the Frobenius norm)
n
MV
=/G+1+ 8?2 H
_||ZMV
<C z H (by Assumption 7)
B E( M ) MV
V)| pn/n ’
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from which it follows by Theorem 15.2 part (iv) of Billingsley (1986), Liapunov’s inequal-
ity, and part (c) of Lemma B11 that

E z’Mﬁ Z Squ<%>pqE Z/MV rq
n n
a1 (S60)
—pq(,btn)pq( MV PQ> / ( 1 )
<C — E =0 ——— ).
Vn pn/n npa/2
In addition, by direct calculation, it is easy to see that
UIM+DplUT 1<
E|l ————|==-) O,
|: n i| n ; 12
so that
U'IM +DplU
n
U'IM+DplU U U U U
N ‘ [M + DplU —E[U [M—i—DP]U]H 4 HE[U [M+DP]U}H
n n n
(by T)
M +D ‘
_ |t +DniT L ZQ 150 '
1=1
|-V M+ DD 1 Z p-1z.p-1] 4 | L Z D-lz.p-1
- " B e -
BSTE | LAV <= I S o)
= - -1 n 4 ~1
i=1 i=1
(by submultiplicativity of the Frobenius norm)
VIM+DplV 1 H
=(G+1+||60||2>[ ——— =Y E|+ Z:‘
i=1 i=1
VM +DplV - 1 :
§C|: —P__Z“’ ;Xl::,- (by Assumption 7).
=
It follows from applying Theorem 15.2 part (iv) of Billingsley (1986) that
- U'IM + DplU ||
n
VIMA+DpIV 1 117
i=1 i=1
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pq
1 <&
P
n“
i=1

_ Vw+mw 1”

(by Loeéve’s ¢, inequality)

_ V[M+DP]V
|1

(using (S32) above)

=O< p1q/2> +0(1)=0() (bypart(c) of Lemma B12).

Given (S60), (S61), and part (a) of Lemma C1; a further application of Theorem 15.2
part (iv) of Billingsley (1986) and Loeve’s ¢, inequality yields

o
B - B ) Mz rq
<3p4 1{||Fz||2p‘1||sn||21’qHn 2D, |71 T
ZMU

+ 2P )| P4l P | n 2D | ME| =

|

=o(1) + O(nP7?) + 0(1) = O(1),

(562)

EH UM +DplU

since ||F»|2 = G, and |, | is bounded and [n~/2D,, || = O(1) under Assumption 2. We
deduce from (S59) and (S62) that

X/
E adj( *MX*)
n

which is the desired conclusion.

Part (b) can be shown in a manner very similar to part (a) above. Hence, for brevity,
we omit the proof.

To show part (c), first write

rq/G
=0(1),

X'IM +Dple _ 028,07 (M + Dple | U'IM +Dple
n n n ’

from which it follows by T and the submultiplicativity of the Euclidean norm that

” X'[M + Dple

M+Dﬂs

<[1Sall|n~"/2D,,

n H U/[M:Dp]s
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M+DP

<18l 2Dy] |2

V'IM+DplV
e L]

H 1640l + IF2l

(by the submultiplicativity of the Frobenius norm)

< ISull]|n 2D, |18 4,01

Z[M + DplV
n

H + 1F2111164,0ll

12" _
n“
i=1

VIM+DplV 1<
ﬁ_ﬁzz"

(by T)

i=1

n

+ 1F211184,0ll
_ _
- VIM+DplV 1
§C{ VIMADeW _ Lsng, }
n

where the last inequality holds for 7 sufficiently large in light of the fact that |n~ /2D wll =
O(1), that ||§ | is bounded and ||, ll is bounded under Assumption 7, and that
| F>| = +/G. Part (iv) of Theorem 15.2 of Billingsley (1986) and Loeve’s ¢, inequality then
imply that

1 n
+{ =D Fi| +

i=1

Z[M +DplV H
n

i=1

E” X'[M + Dple||P?

, = 1 Pq n pq
§3pq—1€Pq{E ZIMADPIV P 1SS o
n n-
i=1
V' [M+DP]V 1 Z pq}
VIM+DplV E,
- M+ DplV 2pg~ 1/2 n rq
§3pq—1cpq{<E ZIM + DplV > =3z
n n i1

n

i=1
=O(u, ") +0(1) + O(nP41?) = O(1),

. VIM+DplV 1 pq}
n

where the orders of magnitude are obtained from making use of part (b) of Lemma B11,
part (c) of Lemma B12, and expression (S32).
Finally, to show part (d), write

XX,
n

D,zzD
[ZZfS;FZ

=F2S D ZZDMS/F i D_lVZD“S’
"ﬁ w2\

— 7S,
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1 D, 2V
+< )FZS —Z—D‘ D—l’VV

Supplementary Material

~D,ZzD, ~ 1 VzD 1 ~D,ZV
=FS,—L- kS F DAY Ry (—)FS L= p1
z"ﬁnﬁ”2+(ﬁ) NN AR Wl Vv

777 n n
Vv 1 1
-1 = -1 - —1r= n-1
+D [—n > ”} +5 2 DTVEDT

i=1
It follows by T and the submultiplicativity of the Euclidean norm that
|5

<1221 8, 11% | n

+2(\/_>||F2||||D NSl 2D, ] | 5=

B 74720
+ D 1||2{ —

n
ik
n-

i=1

n
n =
i=1

}

+2<\/—>||F2||\/G+1+|I5Ao|| 1S, 127~ 2D,, || | 2=

= |1 E2 12118112 |7

772
+(G+1+||5A,0||2){ — =) E Zw }
i=1
7'z 1 2V 7472
<C — )| E= -, =
: n +<ﬁ> Jvn n "; ! Z }

where the last inequality holds for  sufficiently large in light of the fact that |n=1/2D, || =

ull =
O(1), that ||S,|| is bounded and ||, ¢l is bounded under Assumption 7, and that

| F>|| = +/G. Part (iv) of Theorem 15.2 of Billingsley (1986) and Loeve’s ¢, inequality then
imply that

|
rq Pq 7 11P4
< 4pa-1¢Pi 7z +<L> I A4
N Jn
/= n rq n rq
Vv 1 — 1 -
+E T2 ~ 2 } (§63)
i=1 i=1
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A 2 7 ||P9 1\ 74 SV 2P\ 1/2
<4 C — +|— E
n Jn NG
V/V 1 n prq 1 n prq
+E|—— =S5 +|-Y & }
n n“ n
=1 i=1

Next, note that

7z rq

B 1 n n Pq/2
n == Z Z(zgzj)z] (z; denote the ith row of z)
n

L™ =1 j=1

IA

B 1 n n pq/2
2.2 ||zi||2||z,~||2} (by CS)

L7 =1 j=1

B 1 n prq
= —aninz} (S64)
n-
L =1

1 n
- Z FARL (by Liapunov’s inequality)
n
i=1
=O0(1) (byAssumption 8).

IA

Applying (S64), part (c) of Lemma B9, and part (a) of Lemma B12 to the upper bound in
expression (S63), we deduce that

prq

¢ H& =0(1) +0(n~P¥2)0(1) + O(n~P%) + 0(1) = O(1),

which is the conclusion desired.

To prove part (e), let )\% > )\% > > /\é > 0 be the ordered eigenvalues of the ma-
trix X, M X../n. Note that by the interlacing eigenvalues theorem for bordered matrices
(Theorem 4.3.8 of Horn and Johnson (1985)), we have that

G

X'MX

2

12, fdet( . )
k=1

It follows that

[det(X;MX* /n) T‘?*
det(X'M X /n)

*

r G+1 Pe

[T4]
j=1

_ 2pq*
= =E[N'T]

2
[Th
k=1
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X MXx,\"?
(=)
n

. Gl Mx, pq
= Zin

g=1

G+1G+1 g
1 Mx*h
<(G+1PTE[—— E:E SN S

G+1G+1 Mx, j\> pq*
2pg* * 8 T
<(G+1) E( (G+1)2§:§ ( ))

=1 h=1

)pq*
where the third inequality follows from Loeve’s ¢, inequality. Next, using the upper

bound
)pq*

* * * * 1 1
-1 2 —1/2 2 2
<44 [GM IS, 12P7 ||n =12 D, |12P4 (—§ Nlzi — TR Zill

ns 1

1=

X X' MX,
- G o] X

(e

rq*

pq*/2
* _ * ~ * _ * 1 "
+ 3P4 27 GPO 2| S, | |PT |10~ 12D | P1 (;E zi —mzinz)

Pq*/2 Pq*/2

x (|80l + G +1)P4/2

VIM+DplV 1<
([P 15

n :
i=1

n

I =
— ft
ZHl
n-
i=1

+ (18]1% + G + P

n

. E(w 1y

we obtain

det(X'MX,/n) "7
det(X’M X /n)

*

praq

< (G+DPT4rr! {Gﬂq" I1Sal

n
2pq* (1 Z 2
H (; lzi — TrnZil
i=1
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+ 23041271 Gra 12§, | P9

1 Pq*/2
n= 2D, )" (; D lzi— WKnZinZ)
=1
x ([80l> + G +1)P7 /2

— — n pq*/2
VIM+DplV 1<
X E( M__E = ) +
n nl_=1

+ (180l + G+ 1P

— — pq*
VIM+DplV 1<
E(|l—==—T=27 __y 7,
x ( - nZ’ +

=0()

given part (c) of Lemma B12 and expression (S32), and given that ||n‘1/ 2p x|l =0(1), that
[S» 1l is bounded, and that |5 0|l is bounded under Assumption 7. O

Lemwma C5. IfAssumptions 1-4 and 7-9 are satisfied, then the following statements hold:

(@) E|X'[P— Dple//n|*P1=0(1),

(b) Ell&'[P — Dple/p(IP4 = O(KPI2/uiP?),
(©) E|X'[M + Dple/n|P4 = O(1),

(d) Eladj(X'MX/n)|[P1/C =0(1),

where dy = (G + 1)(1 + ) and where p, q, and m are as defined in Assumption 8.

Proor. For part (a), first write

X'IP—Dple _ % (&) ZIP—Dple \/K U'[P—Dple
\/ﬁ —n ﬁ Mn \/ﬁ[l/n n «/E °

It follows by T and the submultiplicativity of the Euclidean norm that

‘X/[P—Dp]s

Jn
~ | D Z'[P — Dple K HU/[P—DP]E

<|S ] — |+ _ - -

_” l’l” ﬁ /’Ll’l ﬁ“n n \/E
~ | D Z[P—DplV K V'IP-DplV

= 1S, 11| =~ il S TP J= Rl ——=L"1 s
157l NG Hn N 164,01l + . I F>|] NG 164,0ll

(by (4) of the paper and the submultiplicativity of the Frobenius norm)

_ Z[P—DplV \/f HV’[P—DP]VH
C ni + - - = 9
<l 2L (1)
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where the last inequality holds for n sufficiently large in light of the fact that || F»|| = v/G,
that |, | is bounded, that \/K/n = O(1) and |n~"/2D,|| = O(1) under Assumptions 2
and 7, and that |8, ¢/ is bounded under Assumption 7. Part (iv) of Theorem 15.2 of
Billingsley (1986) and Loeve’s ¢, inequality then imply that

'X/[P—Dp]a 2pq
E|l—M
Jn
T 12Pa rq 17 > 12Pq
Szzpq_lazpq{uipqE Z[P—DplV +<5) EHV[P—DP]V }
NG n VK
2 -2
=O0(ur" DOy ") + O(K P9/ nP9)

=0(1),

where the orders of magnitude are obtained from part (a) of Lemma B11 and part (b) of
Lemma B12.
To show part (b), write

&P —Dple 84,V [P—DplVép
vK VK

so that by the submultiplicativity of the Euclidean norm and by Theorem 15.2 part (iv)
of Billingsley (1986), we have

'[P — Dple "1 V'[P —DplV ||P?
E|=—2 < 8a0l’E|———5—1—
My Mn
_ |V'IP=DpV ||P?
< EH[izP] (by Assumption 7)
M
74 17 12P4
_ P-D
M

= O(qu/z/;uf,pq) (by part (b) of Lemma B12).

This establishes the desired result.
To show part (c), note first that

di=0+m(G+1)
<(1+mM2(G+1)+ ¢(a,b)] (565)
=4q

since n > 0 and ¢(a, b) > 0 for all a, b. It follows by applying Liapunov’s inequality that

pq>d1/q

=0(1) (bypart (c) of Lemma C4).

/ pdi ’
EHX [M + Dple - (EHX [M + Dple
n n
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To show part (d), note that for G = 1, we set

X'MX
adj( )::1

n

so that E||adj(X'M X /n) |P4/G ig trivially bounded. For G > 2, we make use of (S65) and
note that

pdi1/G
E

adj(X MX)
n
< (2] (22)

=0(1) (by part (b) of Lemma C4),

pq/(G=D\ (G—1d1/(Gq)
) (by Liapunov’s inequality)

which establishes the desired conclusion. O

Lemma C6. Suppose that Assumptions 1-4 and 8 are satisfied, and suppose that Assump-
tion 7 holds with 0 < a < 1. Then the following results hold:

(a) Let

" =(1+n)|:2(G+1)+<p(a,b)].

¢(a,b)
Then

KP(P(ASHY = 0(1).

(b) Let

. 2(G+1)+¢(a,b)
Pl—(1+77)|: G+1+¢(a,b) :|

Then
nP2(P(ASHYPL = 0(1).
(c) Lets; =pi. Then
KPI2(P(ASHYST = 0(1).

Proor. To show part (a), note that by (S1), M, parts (a) and (b) of Lemma B11, and parts
(b) and (c) of Lemma B12, we have

P(AS) = P(A[, UAS  UAS, UAS )

< P(AS,) + P(AS,) + P(AS,) + P(AS,)

ot Lo B R e B

(566)
Mn/1 Iu%
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+p{ }

n

V' [M+DP]V 1 Z
Ml Bt =

Z[M +DplV
(s H—m}
Mn\/—
Z[P—DplV ||? VP —Dp|V ||*"1
< —quE P +n2—2pr2E . P
v u

—/ - n rq 112
_ VIM+DplV 1 'IM 4+ DplV |71
n3"E u__ZEi i 42PrzEu

n i1 Mn/n

1 Kri 1 1
0 2 4 2 2
anq lunpq npa/ anq

1 Kr4 1
= O max 2pq’  4pq’ ppa/2 | )’
Mn Mon n

where
g=0+n2(G+ 1)+ ¢(a,b)].

Note that all expectations in (S66) exist in light of Assumption 8. By Assumption 7, we
must have a/2 < b < 1, and note that

{%<b§1}={g<b<;}u{%<b§1}.

First, consider the case a/2 < b < 1/2. In this case, we have

1 1 1
—— =0 — =0 — |,
npa/? nbrq ,U«ZM

n

KP K pa/n
KP(P(AS )Y/ = O max{ ———, KP[ — )
n szq/rl /‘L;‘l
n

Next note that fora/2 < b < 1/2,

so that

av(1—42b—a))/2
2b—a

av (1—4b)/2
b

q for2b —a < b,
r—=<p(a,b)=
! for2b—a>b.

Consider first the case where {a/2 < b < 1/2} N {2b — a < b}. In this case, it is easily seen
that under Assumptions 2 and 7,

KP

- ap—bpq/ri
2pq/ri O(n )’
Men
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K rq/n
KP<—) = O(napf(bea)pq/n)’
s

so that, given 2b — a < b, we have

K»r K\ P9/
KP(P(AS))]/” :O(max{m,Kp(F) }) :0(nap7(2b7a)Pq/rl)
Mn n

Now, since

ap — (2b—a)pq/r
=p|:a b a)(av (1-4@2b- a))/Z)]

2b—a
=pla—{av (1—-42b—-a))/2}]
=< p[a - a] = O’
it follows that

KP(P(AS)Y"T{a/2 <b<1/202b—a < b)

KP K\ P9/m
ant] 1 Us)

Now, consider the case {a/2 < b < 1/2} N {2b — a > b}. Under Assumptions 2 and 7,
we have

K»r K\ P9/m
KP(P(AS))l/rl = 0<max{m, KP(_4) }) — 0(nap7bpq/r1)’
Mn Kn

(567)

given that 2b — a > b. Next, note that

av (1—4b))2
)

= pla—{av (1—4b)/2}]
= p[a—a] =0’

ap —bpq/ry = p[a—b<

from which it follows that

KP(P(ASHY"{a)2 <b<1/2N2b—a > b}

KP K\ P9/
anq/n w

Turning our attention now to the case 1/2 < b < 1, we note that

11 (1
2pq ~ pbpg =0 npa/2 )’
Mn

(568)
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so that here

KP K \Pa/n
KP(P(A,?))””=0<maX{M’Kp(u_i) D

Moreover, for1/2 <b <1,

a 1

for2b —a < -,

L —gaby=1 204 2
1 2a f0r2b—azz.

Taking the first case where {1/2 < b < 1} N {2b — a < 1/2}, it is easily seen that under
Assumptions 2 and 7,

KP a
- p—(1/2)pq/r
wpai2r O(n ok
K paq/n
Kl’(—) = O(Hap—(Zb—a)pq/r1)7
i

so that, given 2b — a < 1/2, we have that

KP K\ Pa/n
KP(P(AS )Y = O max] ———, KP( = — O(ner-b=apa/n)
g npaj2r’ ul :

Now note that

2b—a
=pla—[av(1-42b-a))/2]}

< pla—a]=0.

ap — 2b — ﬂ)Pq/rl _ p{a _ (2b _ a)(a v (1—-402b - a))/2)}

It follows that

KP(P(ASHYNI{1/2<b<1N2b—a <1/2)

p prq/n
= 0| max K—,K” £ =0(1).
npq/2r /.L4
n

Next consider the case {1/2 < b < 1} N {2b — a > 1/2}. In this case, under Assump-
tions 2 and 7, we have that

P rq/n
Kp(P(Ag))l/rl — 0<max{K— Kp( K ) }) — 0<nap—(l/2)pq/r1>.

21’ a4
npa/2n o

(S69)

Now

1 1
ap — EP‘]/”I =ap— Ep(Za) =0,
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from which it follows that

KP(P(ASHYNI{1/2<b<1N2b—a>1/2}

p pq/n
npaq/2n [T

From (S67)-(S70), we deduce immediately that

(§70)

KP(P(AS)Y/
= KP(P(A$)) " T{a/2 < b <1/2} + KP(P(ASHYI{1/2 < b < 1)
=KP(P(ASHY"T{a/2 <b<1/2N2b —a < b}
+ KP(P(ASHY"{a/2 < b <1/202b —a > b}
+ KP(P(ASHYNI{1/2<b<1N2b—a <1/2)
+KP(P(ASHYNI{1/2<b<1N2b—a>1/2}
=0(1),

which is the result to be proved for part (a).
To show part (b), again we first consider the case a/2 < b < 1/2, where

1 1 1
npq/2:O<nbpq):O< pq)’
Hn

so that we have

p/2 K P4/,
nP2(P(AS )Pt = O max] ———  nP2( = :
" 2pq/p1 T

Hn n

Next note thatfora/2 <b <1/2,

4 _ G414 ¢a,b)

p1
Gyt —H2b—ab/2 o b,

_ 2b—a
GJrlJr%_%)/2 for2b —a > b.

Taking the first case where {a/2 < b < 1/2} N {2b — a < b}, it is easily seen that under
Assumptions 2 and 7,

npb/2

- 0(np/2—bpq/p1)’

2pq/p1
Mn

K \Pa/r
/2 <_4> _ O(nP/2-@-apaler),
h
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so given that 2b — a < b, we have

2 /
,m%mA®WM=OQm4—ﬂ1_nM{§)MPT>

2pq/p1’ wh
Hon ! (S71)
= O(np/Z—(Zb—a)pq/m).
Moreover,
p qg |1 av (1—4[2b—a])/2
> (2b a)ppl_p{2 (2b a)<G+1+ b —a
1 1
Sp{i —2b—a)(G+1)— |:§ —2(2b—a)i|}
=—p@2b—a)(G—1)
<0.
It follows that
nP2(P(ASHYP (a2 < b <1/2N2b —a < b}
(872)

p/2 K\ P4/
:O(max{gi/,npﬂ(j) }) =0(1).
anq P1 My

Now, consider the case {a/2 < b < 1/2} N {2b — a > b}. In this case, under Assump-
tions 2 and 7, we have that

/2 Pa/p1
nP/2(P(AC)) /Pt — O(max{ ik ,np/2<£4> }) _ O(up/2-bralim),
anq/pl ud

Moreover,
P q
£ _ppL
2P
1
= p{i - b[G—i— 1+

1 1
Sp{i—b(G-i-l)_[E—Zbi“
=—pb(G —1)
<0,

av (1—4b))2
S|

from which it follows that

nP2(P(ASHYP {aj2 < b <1/2N2b—a > b}

S73
np/2 K\ P9/P1 ( )
=O<max{ a7 ,np/z<—4> }):0(1).
anl] P1 Mn
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Turning our attention now to the case 1/2 < b < 1, we note that

11 (1
2pq ~ pbpq =0 npa/2 )’
Mn

so that here

p/2 pa/p
nP/2(P(AS)H P =0(max{ " np/2(£4> })

npa/2e1’ wh

Moreover, for 1/2 < b <1,

4 _ G414 ¢a,b)
P1

—da
G+1+2a for2b—a>1/2.

a
{G+1+2b for2b—a <1/2,

Consider first the case where {1/2 < b <1} N {2b — a < 1/2}. In this case, it is easily seen
that under Assumptions 2 and 7,

nb/2

— 1/2)p(1-q/p1)
npa/2p1 O(” )’

K \Pa/r
b/ <_4> — O(nP/2-@b-apaler),
K

so given 2b — a < 1/2, we have

/2 Cyy1 nP/? 2 K palen 2—(2b—
nP/2(P(AS)/P1 = O max ,nPl? (= = O(nP/>~@b=0pa/p1),
" np4/2e1 ud

Moreover, note that
L (2b—a) pi
2 P1

1 a
=p 5_(2b_a)(G+1+2b—a)}

=p %—(Zb—a)(G—i-l)—a}

1
—p E—Zb(GJrl)—i—aG}

1
<P)5~ (G+1) —i-aG} (since b > 1/2 in this case)

1
= _P(E +[1- a]G)

<0 (since a <1 byAssumption 7).
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It follows that

nP2(P(ASHYPI{1/2 <b<1N2b—a <1/2}

p/2 p4q/p1
— 0 max] (X — o).
npq/2P1 /-'L4
n

Now consider the case {1/2 < b < 1} N {2b — a > 1/2}. Here, under Assumptions 2
and 7, and given that 2b — a > 1/2, we have

2 rq/p
np/z(P(Ag))l/p1:0<maX{ n?! np/2<£) 1})20(,1(1/2)}7(1—61//11))’

b
npP4/2p1 Mi

(§74)

since

1 1 1
—p(1-L) = p(1 =[G +1+2a)) = —= p(G +2a) <0,
2 o) 2 2

from which it follows that

nPl2(P(ASHYPI{1/2<b<1N2b—a>1/2)

p/2 K\ Pa/e
:O(max{niz,npﬂ(j) }) :O(l)
npa/2p1 ud

From (S§72)-(S75), we deduce immediately that

(§75)

nP2(P(AS)) /P
=nPl2(P(ASHYPa/2 < b < 1/2) 4+ nP2(P(ASHVPII{1/2 < b < 1}
=nP2(P(AS)YP {a)2 < b <1/202b —a < b}
+nP2(P(ASHYP {a/2 < b <1/2N2b—a > b}
+nP2(P(ASHYPI{1/2 <b<1N2b—a <1/2)
+nPP(PASHYPI{1/2<b<1N2b—a>1/2}
=0(),

which is the result to be proved for part (b).

The proof of part (c) follows immediately from that of part (b) by noting that K < n
and §1=pP1. O

Lemma C7. Suppose that Assumptions 1, 7, and 9 are satisfied. Then there exists a posi-
tive constant C such that for all n sufficiently large,

E(det[X.MX,/n])~P1+™M/1 < C < oo,

where X, =[¢ X].



Supplementary Material Instrumental variable estimation 69
Proor. To proceed, note that by Liapunov’s inequality,
E(det[X,MX,/n]) P/ < (E[(det X, M X, /n]) 2P 1+m/n]) /2,

so that the desired result follows immediately from the boundedness of E[(det[ XM X/
n])~2P(+m/] as given in Assumption 9. 0

Lemma C8. IfAssumptions 1-4, 7, 8, and 9 are satisfied, then
E[I3nruLll”L 4] = O(1).

Proor. To proceed, write

~ _ C -1
I6urULll = | 60 + <X’[P —DplX — {KHLIM - ;}X’[MJrDP]X)

.y Clo -
<180l + {H (X/[P—DP]X_ {KHLIM— ;}X [M+DP]X>

I

where the inequality follows from T and the submultiplicativity of the Euclidean norm.
Note that since the matrix X'[Pz — Dp]X — KuLimX'[M + Dp]X + (C/n)X'DpX is posi-
tive semidefinite by Lemma B3, we can apply part (a) of Lemma B4 to obtain

X (X'[P —Dple — {EHLIM — %}X'[M—FDP]S)

X

- C
X'[P—Dple — {KHLIM — ;}X/[M-FDP]S

c -1
H <X/[P —DplX — {FHLIM - ;}X/[M'i'DP]X)

(o) = [oa(55)]

Using this inequality, it follows that

=

adj(CXMX>H.

I6uFuLll

c -1
=< 180l + H(-X'MX)
n

X (§76)

- C
X'[P—Dple — {KHLIM - ;}X’[M + Dple
X' Mx\1! X'MX
=160l + C¢ [det( ﬂ adj(C )H
n

n
C
X'[P —Dple — {FEHLIM - ;}X/[M-FDP]S

X
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Next, let 54 = (1, —5ﬁLIM)/, 84,0 =(1,-8}), X. =[e X], and X = [y X], and note
that
5 X'[P—DplXd, 8 X[P—-DplXd,
A —— = min A4 —,
5, X [M + Dp|X5, 05011=1 8 X [M + DplX6,

KHLIM =

from which it follows that

8, X' DpXd, &, X'[P— Dp1X3,
<
& X'IM+DplX5, ~ 8,X'[M+DplXd4

< 8 07/[10 ~DplX8a0  &[P—Dple

&y,0X X'[M+DplX5, &IM+Dple’

so that

8, X DpX 54
5, X'IM +DplX3s

g[P — Dple
&'[M+ Dple

}

[Kurmvl| < max{

g[P — Dple
g[M + Dple

8, X DpX 54
8, X'[M + DpIX3,

A

g'[P — Dple
g'[M+ Dple

< K) 5/ y/ygA
3/ X [M+DP]X8A

cp(

() e [ (1)
Cp " max y|| ——mM——
“

(by Assumption 7)

A

yilivi=1 n n

[P — Dple

g'[M+ Dple

X' [M +DP]Y)”2} }
n

-12 —-1/2
<Cp( )H(X[M+D ]X) XX(X[M+D ]X) s77)
n n n
[P — Dple
g'[M+ Dple
( )HD(SO)’ 'X'XD(89)"!
_CP
n
(D(So)’ 'X'[M 4+ Dp]XD(80)~ 1) &[P — Dple
x n g[M+ Dple
( )‘X;X*(X;[M—FDPJX*)lH [P — Dple
=Cp + | —
n n &g'[M + Dple
(K)HX,;X* H(X;MX*)_I &[P— Dple
<Cp|— —_—,
n n gMe
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where D(8p) = (510 1?;) as defined in Lemma A3, so that D(8y)~! = (_150 1%) and X, =
[¢ X].Applying the upper bound (S77) to (S76), we obtain, via T and the submultiplica-
tivity of the Frobenius norm,

ISmFuLl
X'Mx\1! X'MX
<ol +C_G[det( - )} adj(C - )H

- C
le — {KHLIM — ;}X/[M'FDP]S

< ||60||+C‘G[ck“«t(X/],\fXﬂ_1 ad’( XMX)H‘F'

o (] () [ t(X“ZX*)}

(X’MX*)H Xk ‘X/[M—‘rDP]S
adj

a5 a7

eMe\ ! [M + Dple
n n
X'Mx\1"
+C—<G—1>c[det< - )}

s+ (e 5)) (2]
( X/MX)'["X/[P Dple
e ) TG

52 () o255

X MX, X X || X' M+ D
(S5 e S 15

() Gl )]

adj(CXMX>H\/E &[P — Dplel||| X'[M + Dple
n VK n

P ] e

X'[P— Dp]s

g[P — Dple
VK

X

(§78)

adj

(o e

X

X

adj( C
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Let G be the number of endogenous regressors in the IV regression and let a be
as defined in Assumption 7, and consider four different cases: (i) G >2and 0 < a < 1;
(i) G>2and a =0; (iii) G=1and 0 < a < 1; (iv) G =1 and a = 0.We start with the case
G >2and 0 < a < 1. It follows as in the proof of Lemma C8 that we can obtain the upper
bound

E[)|8ururllPT 4]

/ -P
<5P71180)1P 4 5P ]{ GpnP/ZE([det(X]’\jXﬂ
ad]< >

HAC)
+C~ GPCPKPE( (XMXH

[P — DP]£

X'MX\|*?
adj(C >
n
X MX N\~ X MX\|?
« [det( . )} adj(i* )
n n
XX P\ X'[M 4 Dple PI[
n A€
/ -D / p
+C‘GPKP/2E<[det<XMX)} adj(CXMX)
n n
&P —Dplel|? p][ )
VK A
X'MXx\17? X'MX\|?
+ c—<G—1>PE< [det( )] adj<C )
n n

H X'[M + Dple||? >}
X 7 ]IAC

(by Loeéve’s ¢, inequality)

[M + Dple
n

n

<5P=1)189)17

pL det(X'MX p
p1f ~Gpyp2g (| X MX. /)
+3 (n—K) {C " E([ det(X'MX/n)

X MXN\1? X'MX\|?
« [det(*—)} adj(C )
n—K n

n pL
+Corch ( K)
n —

’ p
kP ([det(X*MX*/n)]
det(X’M X /n)

X MXN\|?
adj( X >
n

[P—Dple
NG

p
I AC)

p ’ —2p
()
n—K
P
HAC)

!

s X)
n

p

'[M +Dple
n

X
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, -
+ c-r g (| der XM X
n—K )|

X'[M + Dple
n

&P —Dple|?

VK

X

e det(X'MX,/n)]
(G-1)p *
+C E([ det(X'MX/n) |

p
X

X'[M + Dple
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-p p

adj(C

P

HAC)

! det XMXNTY
n—K

X’MX)

a(cX2)

n

)

Applying the generalized Holder inequality, we further obtain

E[InruLlPT 4]

<C

L
4 5p-1 <LK>IJ {Cpnp/z[p(AC)]Upl (E

’ —pp3\ 1/p3
(el (GER)] ) (e
n—K

p[detXMX, /n) 7 1/ps
( [det(X’MX/n)} )

pL
S Jo/4 i p c
verep(g) KIpUO)
x(E

praN 1/r2

) (e

X (E

5 (E‘det(X;MX*/n) ”’6)1/’6(
| det(X'M X /n)

+ CPKPPIP(AC)

psay 1/s2
(e ) (e

XX,
n

g[P - Dple
VK

X

r X'MX. —psaN 1/s4
(5] )
L n—K

(E X'[M + Dple
n

i (X2)

+

X

X'[M + Dple
n

r X' MX. —2pry\ 1/14
w(575)] ) (e
L n—K

X'[M + Dple
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(§79)

(X;MX;) P”S)l/rs
adj p

Pr7>1/r7
PS3>1/S3

X/MX pssy 1/s5
(=)

X'MX. —pda\ 1/d
()] )
n—K

[det(x;MX* /n)}l’d“)l/d“ }

!
elsa(557)
n

n

det(X'MX/n)
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Next, we choose the exponents p1, ..., ps,r,...,r7,81,...,55,and dy, ..., ds as
2(G+1)+g0(a,b)}
=1+ ,
pr=( ")[ G+1+¢(a,b)
1+1
pa= el <q forG=2;
G-1— -7
2(G+1)+¢(a,b)
r1=<1+n)[ ¢ }
¢(a,b)
n=r=rg=q=0+n)[2(G+1)+ ¢(a, b)], (S81)

_(1+nm _q . q
r4_( ’)7 )5 rS_G’ r7_G—1’

1= (14 )|:2(G+1)+qo(a,b)} o e
1= n Gt+itew@b | 2=9383=¢q,
| (S82)
&;:(%), S5:Gq_1§q for G > 2;
di=ds=1+n)(G+1)<gq
(S83)

h=(FE1). a=
n

It is easily verified that

-yt
=P o =1 j=1%
as required. Note also that these choices of exponents satisfy the moment condition of
Assumption 8. It follows, thus, by applying Assumption 9 and Lemmas C4-C7 that

E[8uruLllPT 4c]1=o(1) + O(1) + o(1) + O(1) = O(1)

for the case where G >2and 0 <a < 1.

Next, consider the case where G > 2 and @ = 0. When a = 0, we may have ¢(0, b) =0,
but the generalized Hélder inequality still applies if we take r; = oo with all other expo-
nents pi,..., p4, 2, ...,r7, 51,...,85, and d, ..., ds chosen as in (S80)-(S83) above (but
with ¢(a, b) = 0). Hence, an upper bound of the form given by (§79) still holds but with
the L,, norm (Eﬂlc)l/ " = [P(AC)]Y/" (for finite 1) replaced by the L., norm

IT4¢ lloo = esssup |1 yc| = inf{x: P(|I 4| > x) =0} =1.

Since K is fixed in this case, the term K7 ||I 4c || is trivially bounded. Applying Assump-
tion 9 and Lemmas C4-C5, C7, and parts (b) and (c) of Lemma C6 then allows us to
deduce that E[||6ugruLll”14c] = O(1) for this case.
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We now turn our attention to the case where G =1 and 0 < a < 1. Note that when
G=1,X'"MX/nis1 x 1, so that we have

(=) )]

X'MX
adj( ):1.

(584)

n

Again, we can still obtain an upper bound of the form (S79) by applying the general-
ized Holder inequality, this time with ps = r7 = 55 = d3 = 00 and with all other expo-
nents p1,...,p3, ",.--, %6, S1,...,54, and dy, d», d4 chosen as in (S80)-(S83) above (set-
ting G = 1). The L norm of [adj(X’'M X /n)]? is clearly bounded in light of (§84), so that
using parts (a), (c), and (d) of Lemma C4, Assumption 9, and Lemmas C5-C7, we deduce
that E[||§HFUL||P]IAc] = O(1) for this case as well.

Finally, the case where both G =1 and a = 0 can be handled in an obvious way by
combining the arguments above. O
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