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This supplement provides additional numerical examples and the proofs of the main
results. It is organized in seven appendices. Appendix A contains a Monte Carlo simu-
lation calibrated to the empirical example of the paper. Appendix B gives the proofs of
the consistency of the one-step and two-step FE-GMM estimators. Appendix C includes
the derivations of the asymptotic distribution of one-step and two-step FE-GMM esti-
mators. Appendix D provides the derivations of the asymptotic distribution of bias cor-
rected FE-GMM estimators. Appendix E and Appendix F contain the characterization
of the stochastic expansions for the estimators of the individual effects and the scores.
Appendix G includes the expressions for the scores and their derivatives.

Throughout the appendices O,p and o,p will denote uniform orders in probabil-
ity. For example, for a sequence of random variables {¢;:1 <i < n}, & = O,p(1) means
SUP<;<, &i = Op(1) as n — oo, and §; = o,p(1) means sup;_;., & = op(l) as n — oo. It
can be shown that the usual algebraic properties for Op and 0_p orders apply to the uni-
form orders O,p and o,p. Let e; denote a 1 x d, unitary vector with a one in position ;.
For a matrix A, | 4| denotes Euclidean norm, that is | 4|? = trace[ 4 A’]. HK refers to Hahn
and Kuersteiner (2011).

APPENDIX A: NUMERICAL EXAMPLE

We design a Monte Carlo experiment to closely match the cigarette demand empirical
example in the paper. In particular, we consider the linear model with common and
individual-specific parameters,

Cit = api + a1iPiy + 01Ci i1 + 02C 11 + Yeir,
Pit=770i+771iTaXit+uit (i:1727'~'7n9t:1727~~'7T)7
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where {(aj;, nj;):1 < i < n} is independent and identically distributed (i.i.d.) bivariate
normal with mean (u;, ), variances (0-12, o-%j), and correlation p; for j € {0, 1}, inde-
pendent across j; {u;;:1<t<T,1 <i<n}isiid. N0, aft); and {g;;:1<t<T,1<i<n}
isi.i.d. standard normal. We fix the values of Tax;, to the values in the data set. All the pa-
rameters other than p; and ¢ are calibrated to the data set. Since the panel is balanced
for only 1972-1994, we set T = 23 and generate balanced panels for the simulations.
Specifically, we consider

n=>51, T =23; o = 72.86, w1 = —31.26, g, =0.81,
Mg, =0.13, oy = 18.54, o1 =10.60, o, =0.14, oq, =2.05,
o, =0.15, 01 =0.45, 0, =0.27, po=—0.17,
p1€1{0,0.3,0.6,0.9}, P e{2,4,06}.
In the empirical example, the estimated values of p; and ¢ are close to 0.3 and 5, respec-
tively.
Since the model is dynamic with leads and lags of the dependent variable on the

right hand side, we construct the series of C;, by solving the difference equation follow-
ing BGM. The stationary part of the solution is

1 e 1 o0
Ci=——1—7= Shi(t+8) + ———— Shi(t—s),
t 91¢1(¢2_¢1)§¢1 (4 01¢2(¢2—¢1)§¢2 (t=s)

where

hi(t) = ap; + a1;Pis—1 + &1,

1= (1—46,6,)'? s 14 (1—4616,)"?
- 26, ’ 2= 26, '

b1

In our specification, these values are ¢; = 0.31 and ¢, = 1.91. The parameters that we
vary across the experiments are p; and . The parameter p; controls the degree of corre-
lation between «4; and P;;, and determines the bias caused by using fixed-coefficient es-
timators. The parameter s controls the degree of endogeneity in C; ;1 and C; ;.1, which
determines the bias of OLS and the incidental parameter bias of random-coefficient IV
estimators. Although ¢ is not an ideal experimental parameter because it is the variance
of the error, it is the only free parameter that affects the endogeneity of C; ,_; and C; /1.
In this design, we cannot fully remove the endogeneity of C;;_; and C; ;| because of
the dynamics.

In each simulation, we estimate the parameters with standard fixed-coefficient OLS
and IV with additive individual effects (FC), and estimate the FE-GMM OLS and IV es-
timators with the individual-specific coefficients (RC). For IV, we use the same set of
instruments as in the empirical example. We report results only for the common coef-
ficient 0, and the mean and standard deviation of the individual-specific coefficient
a1;. Throughout the tables, “Bias” refers to the mean of the bias across simulations, SD



Supplementary Material Nonadditive panel models 3

refers to the standard deviation of the estimates, SE/SD denotes the ratio of the aver-
age standard error to the standard deviation, and p; 0.05 is the rejection frequency of a
two-sided test with nominal level of 0.05 that the parameter is equal to its true value. For
bias-corrected RC estimators, the standard errors are calculated using bias-corrected
estimates of the common parameter and individual effects.

Table A.1 reports the results for the estimators of 6. We find significant biases in
all the OLS estimators relative to the standard deviations of these estimators. The bias
of OLS grows with . The IV-RC estimator has bias unless p; = 0, that is unless there is
no correlation between «1; and P;;, and its test shows size distortions due to the bias
and underestimation in the standard errors. IV-RC estimators have no bias in every con-
figuration and their tests display much smaller size distortions than for the other es-
timators. The bias corrections preserve the bias and inference properties of the RC-IV
estimator.

Table A.2 reports similar results for the estimators of the mean of the individual-
specific coefficient u; = E[ay;]. We find substantial biases for OLS and IV-FC estimators.
RC-1V displays some bias, which is removed by the corrections in some configurations.
The bias corrections provide significant improvements in the estimation of standard er-
rors. IV-RC standard errors overestimate the dispersion by more than 15% when  is
greater than 2, whereas IV-BC or IV-IBC estimators have SE/SD ratios close to 1. As a re-
sult, bias-corrected estimators show smaller size distortions. This improvement comes
from the bias correction in the estimates of the dispersion of «; that we use to construct
the standard errors. The bias of the estimator of the dispersion is generally large and is
effectively removed by the correction. We can see more evidence of this phenomenon in
Table A.3.

Table A.3 shows the results for the estimators of the standard deviation of the
individual-specific coefficient oy = E[(a1; — u1)*]'/2. As noted above, the bias correc-
tions are relevant in this case. As ¢ increases, the bias grows in orders of . Most of
the bias is removed by the correction, even when  is large. For example, when ¢ = 6,
the bias of the IV-RC estimator is about 4, which is larger than two times its standard
deviation. The correction reduces the bias to about 0.5, which is small relative to the
standard deviation. Moreover, despite the overestimation in the standard errors, there
are important size distortions for IV-RC estimators for tests on o when i is large. The
bias corrections bring the rejection frequencies close to their nominal levels.

Overall, the calibrated Monte Carlo experiment confirms that the IV-RC estimator
with bias correction provides improved estimation and inference for all the parameters
of interest for the model considered in the empirical example.

APPENDIX B: CONSISTENCY OF ONE-STEP AND TWO-STEP FE-GMM ESTIMATORS

LEMMA 3. Suppose that Conditions 1 and 2 hold. Then, for every n > 0,

Pr{ sup sup |0 (6,0)—Q (6, )| > 71} =o(T™")

1<i<n (6,a)eY



TaBLE A.1. Common parameter 6;.

p1=0 =0.3 p1=0.6 p1=09
Estimator  Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05
=2
OLS-FC 0.06  0.01 0.84 1.00 0.06  0.01 0.83 1.00 0.06  0.01 0.84 1.00 0.07 0.01 0.71 1.00
IV-FC 0.00 0.01 0.90 0.08 —-0.01  0.02 0.84 0.11 —-0.01  0.02 0.78 0.18 —0.01  0.02 0.63 0.28
OLS-RC 0.04 0.01 0.97 1.00 0.04 0.01 0.99 1.00 0.04 0.01 1.02 1.00 0.04 0.01 0.96 1.00
BC-OLS 0.04 0.01 0.97 1.00 0.04 0.01 0.99 1.00 0.04 0.01 1.02 1.00 0.04 0.01 0.96 1.00
IBC-OLS 0.04 0.01 0.97 1.00 0.04 0.01 0.99 1.00 0.04 0.01 1.02 1.00 0.04 0.01 0.96 1.00
IV-RC 0.00 0.01 1.00 0.06 0.00 0.01 1.01 0.05 0.00 0.01 1.00 0.05 0.00 0.01 1.01 0.05
BC-IV 0.00 0.01 0.99 0.06 0.00 0.01 1.01 0.05 0.00 0.01 1.00 0.05 0.00 0.01 1.00 0.05
IBC-1V 0.00 0.01 0.99 0.06 0.00 0.01 1.01 0.05 0.00 0.01 1.00 0.05 0.00 0.01 1.00 0.05
=4
OLS-FC 0.12 0.01 1.09 1.00 0.12 0.01 1.03 1.00 0.12  0.01 1.10 1.00 0.12 0.01 1.07 1.00
IV-FC 0.00 0.02 0.94 0.07 —-0.01  0.02 0.89 0.08 —-0.01 0.02 0.92 0.09 —-0.01  0.03 0.79 0.15
OLS-RC 0.10 0.01 1.06 1.00 0.10 0.01 1.05 1.00 0.11  0.01 1.08 1.00 0.11  0.01 1.07 1.00
BC-OLS 0.10 0.01 1.06 1.00 0.10 0.01 1.05 1.00 0.11  0.01 1.08 1.00 0.11  0.01 1.07 1.00
IBC-OLS 0.10 0.01 1.06 1.00 0.10  0.01 1.05 1.00 0.11  0.01 1.08 1.00 0.11  0.01 1.07 1.00
IV-RC 0.00 0.02 0.98 0.06 0.00 0.02 0.96 0.06 0.00 0.02 1.01 0.05 0.00 0.02 1.00 0.06
BC-IV 0.00 0.02 0.97 0.05 0.00 0.02 0.95 0.06 0.00 0.02 1.00 0.05 0.00 0.02 0.99 0.06
IBC-1IV 0.00 0.02 0.97 0.05 0.00 0.02 0.95 0.06 0.00 0.02 1.00 0.05 0.00 0.02 0.99 0.06
=6
OLS-FC 0.16  0.01 1.27 1.00 0.16  0.01 1.22 1.00 0.16  0.01 1.25 1.00 0.16  0.01 1.34 1.00
IV-FC 0.00 0.03 0.95 0.06 0.00  0.03 0.94 0.06 —-0.01  0.03 0.92 0.08 —0.01  0.04 0.92 0.08
OLS-RC 0.15 0.01 1.20 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.26 1.00
BC-OLS 0.15 0.01 1.20 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.26 1.00
IBC-OLS 0.15 0.01 1.20 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.21 1.00 0.15 0.01 1.26 1.00
IV-RC 0.00 0.03 0.98 0.06 0.00 0.03 1.00 0.04 0.00 0.03 1.01 0.05 0.00 0.03 1.05 0.04
BC-IV 0.00 0.03 0.95 0.06 0.00 0.03 0.97 0.04 0.00 0.03 0.98 0.05 0.00 0.03 1.02 0.04
IBC-1IV 0.00 0.03 0.95 0.06 0.00 0.03 0.97 0.04 0.00 0.03 0.98 0.05 0.00 0.03 1.02 0.04

Note: RC and FC refer to random and fixed coefficient models. BC and IBC refer to bias-corrected and iterated bias-corrected estimates. 1,000 repetitions.

997 pUR [BA-ZOpURUID] §

erto1ey Areyuswarddng



TaBLE A.2. Mean of individual specific parameter u; = E[ay;].

p1=0 p1=03 p1=0.6 p1=0.9
Estimator  Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05
=2
OLS-FC 233 1.65 0.35 0.78 258 191 0.31 0.79 3.01  1.92 0.30 0.84 3.68 2.20 0.27 0.89
IV-FC 0.08 1.59 0.40 0.44 0.16 1.72 0.37 0.47 0.46  1.66 0.39 0.46 096 1.80 0.37 0.53
OLS-RC 1.16  1.53 1.02 0.12 1.15  1.65 0.96 0.12 1.19  1.59 0.99 0.12 1.25  1.62 0.97 0.13
BC-OLS 1.16  1.53 0.97 0.14 1.15  1.65 0.92 0.14 1.19  1.59 0.95 0.14 1.25  1.62 0.93 0.15
IBC-OLS 1.16  1.53 0.97 0.14 1.15  1.65 0.92 0.14 1.19  1.59 0.95 0.14 1.25  1.62 0.93 0.15
IV-RC 0.01 1.1 1.07 0.04 —0.01 1.62 1.00 0.05 0.02 1.56 1.04 0.05 0.08 1.59 1.03 0.05
BC-1IV —-0.01 1.51 1.02 0.04 —-0.02 1.62 0.96 0.06 0.00 1.56 1.00 0.06 0.06 1.59 0.98 0.06
IBC-IV —-0.01 1.51 1.02 0.04 —0.03 1.62 0.96 0.06 0.00 1.56 1.00 0.06 0.06  1.59 0.98 0.06
=4
OLS-FC 415 184 0.52 0.90 443  1.95 0.49 0.90 490 2.08 0.46 0.93 545 222 0.43 0.95
IV-FC 0.09 1.85 0.59 0.25 021 1.92 0.57 0.27 056 1.89 0.58 0.27 1.03 194 0.57 0.32
OLS-RC 319  1.76 1.06 0.41 312 1.81 1.04 0.38 312 1.76 1.07 0.38 318 1.78 1.06 0.38
BC-OLS 319  1.76 0.93 0.50 312 181 0.91 0.48 312 1.76 0.94 0.47 318 1.78 0.93 0.47
IBC-OLS 3.19  1.76 0.93 0.50 312 181 0.91 0.48 312 1.76 0.94 0.47 3.18 1.78 0.93 0.47
IV-RC 0.06 1.78 1.15 0.03 —0.01 1.86 1.10 0.03 0.03 1.78 1.15 0.03 0.10 1.78 1.15 0.03
BC-1V 0.00 1.78 1.02 0.05 —0.08 1.86 0.98 0.05 —-0.04 1.78 1.02 0.05 0.03 1.78 1.02 0.05
IBC-IV —-0.01 1.78 1.02 0.05 —0.08 1.86 0.98 0.05 —-0.04 1.78 1.02 0.05 0.03 1.78 1.02 0.05
=06
OLS-FC 5.62 213 0.62 0.93 5.87 225 0.58 0.92 6.19 231 0.57 0.93 6.35 2.28 0.57 0.95
IV-FC 0.14 229 0.69 0.17 0.26 234 0.68 0.19 053 231 0.69 0.19 0.80  2.26 0.70 0.20
OLS-RC 4.69 210 1.08 0.53 459 214 1.07 0.51 452 211 1.09 0.50 430 2.01 1.15 0.46
BC-OLS 4.69 2.10 0.88 0.69 459 214 0.88 0.67 452 211 0.89 0.64 430 2.01 0.94 0.61
IBC-OLS 4.69 2.10 0.88 0.69 459 214 0.88 0.67 452 211 0.89 0.64 430 2.01 0.94 0.61
IV-RC 0.09 230 1.12 0.04 0.05 233 1.11 0.03 0.03 2.23 1.16 0.02 —-0.10 2.18 1.19 0.02
BC-1IV —0.05 2.30 0.95 0.06 —-0.10 2.33 0.94 0.06 —-0.12 223 0.97 0.06 —-0.26 2.18 1.00 0.05
IBC-IV —0.06  2.30 0.95 0.06 —-0.10 232 0.94 0.06 —-0.13 223 0.97 0.06 —-0.26  2.18 1.00 0.05

Note: RC/FC refers to random/fixed coefficient model. BC/IBC refers to bias corrected/iterated bias corrected estimates. 1,000 repetitions.
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TaBLE A.3. Standard deviation of the individual specific parameter o = E[(a1; — p1)2]V/2.

p1=0 p1=03 p1=0.6 p1=0.9
Estimator Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05 Bias SD SE/SD  p;0.05
=2
OLS-RC 0.01 1.06 1.02 0.05 0.15 1.06 1.02 0.05 0.11  1.08 0.99 0.06 0.17  1.06 0.99 0.06
BC-OLS —-0.63 1.10 1.04 0.10 —-048 1.11 1.04 0.09 -0.52 112 1.01 0.10 —-0.46 1.11 1.01 0.09
IBC-OLS —-0.63 1.10 1.04 0.10 —-0.48 1.11 1.04 0.09 -0.52  1.12 1.01 0.10 —-0.46 1.11 1.01 0.09
IV-RC 0.38  1.08 1.03 0.05 0.47 1.10 1.02 0.06 041 1.13 0.98 0.06 046 1.11 0.99 0.06
BC-IV —-0.25 1.13 1.05 0.06 —-0.16 1.14 1.04 0.06 —-0.22  1.18 1.00 0.07 -0.17 1.16 1.00 0.06
IBC-IV —-0.25 113 1.05 0.06 -0.16 1.14 1.04 0.06 -0.22  1.18 1.00 0.07 -0.17 1.16 1.00 0.06
=4
OLS-RC 0.89 1.21 1.17 0.04 098 1.20 1.17 0.05 1.08 1.16 1.19 0.06 1.09  1.05 1.23 0.08
BC-OLS —1.24 1.46 1.19 0.08 —1.13 1.44 1.20 0.08 -1.02 141 1.20 0.05 —-0.98 1.23 1.24 0.03
IBC-OLS —1.24  1.46 1.19 0.08 —-1.13 144 1.20 0.08 -1.02 141 1.20 0.05 —-0.98 1.24 1.22 0.03
IV-RC 1.84  1.28 1.17 0.17 1.83  1.29 1.16 0.16 1.85 1.26 1.17 0.18 1.87 1.18 1.17 0.20
BC-IV —-0.25 1.52 1.20 0.03 —-0.26 1.52 1.19 0.02 —-0.26 1.51 1.18 0.03 —-0.21 137 1.18 0.02
IBC-1IV —-0.25 152 1.20 0.03 —-0.26 1.52 1.19 0.02 —-0.26  1.51 1.18 0.03 -0.21 1.38 1.16 0.02
=6
OLS-RC 235 1.33 1.38 0.14 2.60 1.40 1.30 0.21 257 137 1.31 0.21 2.69 131 1.28 0.38
BC-OLS —-2.06 2.04 1.41 0.00 -1.71 214 1.30 0.01 —-1.75  2.06 1.35 0.00 —-1.54 178 1.28 0.00
IBC-OLS —-2.06 2.04 1.41 0.00 -1.71 214 1.30 0.01 —-1.75 2.06 1.35 0.00 —-1.54 1.80 1.26 0.00
IV-RC 379  1.52 1.31 0.46 387 1.55 1.28 0.49 378 1.50 1.30 0.47 3.87 148 1.23 0.60
BC-IV —-0.49 213 1.37 0.00 —0.42 223 1.29 0.01 —-0.55 2.14 1.35 0.00 —0.40 1.96 1.24 0.01
IBC-1IV —-0.49 213 1.37 0.00 —-0.41 223 1.29 0.01 —-0.55 2.14 1.35 0.00 -039 197 1.22 0.02

Note: RC/FC refers to random/fixed coefficient model.

BC/IBC refers to bias corrected/iterated bias corrected estimates. 1,000 repetitions.
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and
sup|QY (6, a) — O% (0, a)| < C - E[M(zip)]’| 6 — 0]
for some constant C > 0.

Proor. First, note that

10V (6,0) — Q) (8, 0)]

< |80, )W '5i(0, @) — gi(8, ) W; ' gi(0, )|
+[8i0, ) (W' = W20, o)

< |[8i(6, @) — gi(0, )| W, [2i(0, @) — gi(0, a)]|
+2-|8i(0, )W [i(0, @) — gi(6, 0)]|
+ (816, @) — gi(8, )] (W' = W) [8i(0, ) — gi(6, ]|
+2|[8i(6, ) — gi(0, )] (W, — W, 1) gi(0, )|
+gi(0, ) (W' = W) gi(0, )|

~ 2,0
§d§ max gk (0, @) — gx.i(0, )| |W;|~!
1<k<dg

+2dg sup E[M(zi)]IW;1™" max [ (6, c) = gki(6, )|
<k=d,

1<i<n
),

+ 0P<];r]1{aé)§ig|gk,l(0’ a) - gk,l(e, a)

7

where we use that sup;_;_, |I7I7,~ — W;] = op(1). Then, by Condition 2, we can apply

Lemma 4 of HK to |g_;(0, @) — gk.i(6, a)| to obtain the first part.
The second part follows from

10} (6,a)—0F (¢, )]

<|gi(8, )W, [gi(0, @) — gi(0', @) ]| + |[g:(6, @) — gi (¢, )]

<2-E[M(z) Wi~V 6 - 0.
B.1 Proofof Theorem 1
PROOF. Part I: Consistency of 6. For any 7 > 0, let

£i= inf[QiW(eo, ajo) — sup oY (o, a)] =0
i ((0,):1(,0)— (8o, xi0)|> )
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as defined in Condition 2. Using the standard argument for consistency of extremum
estimators, as in Newey and McFadden (1994), with probability 1 — o(T~1),

n n
—~ ~ 1
w1 Y0 (6,0 <n'y O (80, i) — 3+

m
0—0p|>n,a1,...,a é c
[0—0o|>m,ay n o1 o1

by definition of £ and Lemma 3. Thus, by continuity of QW and the definition on the left
hand side above, we conclude that Pr{|6 — 6y| > 5] = o(T~1).
Part II: Consistency of &;. By Part I and Lemma 3,

Pr| sup sup| Q)Y (8, @) — O (6, )| = ] = o(T7) (B.1)

l<i<n «

for any n > 0. Let

&= iIt,lf[Q,W(@o, @io) — sup oY (69, ai)] > 0.

{ai:laj—ajpl>n}

Condition on the event

{ sup sup|QY (6, a) — Q¥ (6, a)| < %s}

1<i<n «

which has a probability equal to 1 — o(T~!) by (B.1). Then

~ ~ 1 2
max OV (f,a;) < max nQ,W(Go,ai)-l- 36 < oY (6y, aip) — 3¢

laj—ajpl>n lai—ajpl>
A = 1
< Q; (0, ajp) — e

This is inconsistent with Qlw(é, a;) > QfV(é, ajo) and, therefore, |&; — a;y| < n with prob-
ability 1 — o(T~!) for every i.
Part IIT: Consistency of A;. First, note that

IAil = |W718:(6, @] < dg Wi ™' max (|8x.i(8, &) — gx.i(6, @) + |gr.i(8, &)))
1<k=d,

< dglWiI™" max  sup |8k i(0, ) — gk i(0, i)
I<k=dg (9,0;)eY
+dg | Wi~ M (i) 6 — 00| + dg | Wil ™ M (zi0)|&; — et
Then the result follows because sup,_;_, |I7I\/l~ — W;l=o0p(1) and {W;:1 <i < n} are pos-
itive definite by Condition 2, Maxi <k <d, SUP (9, a;)cY 18k,i(0, ;) — gk.i(0, ;)| = op(1) by
Lemma 4 in HK, and |0 — 6| = op(1) and Supy <<, l&; — ajo| = op(1) by PartsTand I. [J

B.2 Proofof Theorem 3

Proor. First, assume that Conditions 1, 2, 3, and 4 hold. The proof is exactly the same
as that of Theorem 1 using the uniform convergence of the criterion function.
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To establish the uniform convergence of the criterion function as in Lemma 3, we
need

sup |2:(6, &) — 2:(60, aip)| = op(1)

1<i<n

along with an extended version of the continuous mapping theorem for o, p. This can be
shown by noting that

|§i(é, a@;) — £2;(09, a;)|
< |§i(é, &) — (0, &)| + 028, &) — 2:(0y, ai)|
< [9:(8, &) — 048, &)| + d2E[M (2i0)*]| (B, &) — (60, aio)-
The convergence follows by the consistency of § and &;s, and the application of

Lemma 2 of HK to gi(zis; 0, a;)gi(zir; 0, ;) using that |gx(zir; 6, a;)gi(zir; 6, ;)| <
M(zi)?. O

APPENDIX C: ASYMPTOTIC DISTRIBUTION OF ONE-STEP AND TWO-STEP
FE-GMM ESTIMATORS

C.1 Some lemmas

LEMMA 4. Assume that Condition 1 holds. Let h(zi; 0, «;) be a function such that
(i) h(zir; 0, ;) is continuously differentiable in (6, a;) € Y C Ré+de (i) Y is convex, and
(iii) there exists a function M(z;) such that |h(zi; 0, ;)| < M(ziy;) and |dh(zis; 6, @;)/
(0, a;)| < M(z;) with EIM (ziq )3(dotda+6)/(1-100)+8] oo for some 8 > 0 and 0 < v < 1/10.
DeﬁneH(H ;) =T~ 1Zt 1h(zis; 0, ;) and H; (6, ;) _E[H(B «;)]. Let

o = argmax ’Q\L.W(H*, a;)
a;

such that of — ajg = oup(T%) and 6* — 6y = op(T*?), with —2/5 < a <0 for a =
max(ay, ag). Then, for any 6 between 6* and 6y, and any «; between o} and aj,

ﬁ[ﬁi(a, @) — Hi(0,a)] = 0up(TY"), H;(6,@;) — Hi(8), aj) = our(T*).

Prookr. The first statement follows from Lemma 2 in HK. The second statement follows
by the first statement and the conditions of the lemma by a mean value expansion since

|Hi(6, ;) — Hi(6o, cio)| < [0 — 6y ZM(z”) + (@ — el | 7 ZM(zlo
=0,p(T?%) t ! ) —OuP(Ta)
=0,p(1) =0yp(1)

+ |H;(69, ap) — Hi(8o, aio)|
:OuP(sz/S)

= oup(T9). O
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LEMMA 5. Assume that Conditions 1-4 hold. Let'le(O, vi) denote the first stage GMM
score of the fixed effects, that is,

G (0, a;) \;

W [e% s &g 1

t; 07 i) ="\ ~ ! 17 J
i 0m) (g,-w,ai)wV,»A,-

where y; = (a, /\;.)’,CV‘I.W((), vi) denotes the one-step GMM score for the common parameter,
that is,

(0, vi) = —Gi(6, i)' Ay

and %(0) is such that 7" (6, %:(0)) = 0.

Let Tg(e, y;) denote 31" (8, v;)/dv, dvi j and let}VlZ‘j’.(e, y;) denote 35 (8, v:)/3Y, 3y j
for some (0 < j < dg + da, where v, j is the jth element of y; and j = 0 denotes no second
derivative. Let NV (6, y;) denote 3" (6,v;)/36' and let S” (6, v;) denote 35 (6, v;)/36'.
Let (0, ¥1, ..., Vn) be the one-step GMM estimator. Then, for any 6 between 6 and 6y, and
anyvy; between y; and yj,

TV @.3) - T =our(l),  MP(0,7)— M) =o0.p(1),
NY@,5)-NY =oup(),  SY(0,7) - S¥ =o0up(1).

Also, for any 7y, between y;y and y;o = ¥i(6y),
VT (00, %i0) = 0up(TY),  NT(TV (80, %10) — T[) = 0ur(T""7),
ﬁ(ﬂ%ﬂo, Yio) — M) = 0up(T'"7).

Prookr. The first set of results follows by inspection of the scores and their derivatives
(the expressions are given in Appendix G), uniform consistency of ¥; by Theorem 1, and
application of the first part of Lemma 4 to §* = § and af =a; witha=0.

The following steps are used to prove the second set of result. By Lemma 4,

VTP =o0,p(TV1%), TV (60,7i0) — T = 0up(1),

where 7, is between ¥,y and vy;o. Then a mean value expansion of the FOC of ¥,
(89, ¥i0) = 0, around ;9 = yio gives

VT (¥io — vio)
71 71 o~ _ -
=—(17) VT (1) (T (00, 7i0) — TV ) VT Fio — vio)
[ — N, e’ N, e’
=0u(1) =o0,p(TV/10) =0,(1) =oup(1)

= 0up(T1%) + 0up (VT (Fi0 — vi0))
by Condition 3 and the previous result. Therefore,
(1+ OuP(l))ﬁ(%o — Yio) = OuP(Tl/lo) = VTG~ vi0) = OuP(Tl/lo)-

Given this uniform rate for ¥;y, the desired result can be obtained by applying the
second part of Lemma 4 to 6* = 6y and « = a;9 with a = -2/5. O
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C.2 Proof of Theorem 2

ProoOF. By a mean value expansion of the FOC for 6 around 6 = 6,

ds" (9)
de’

0=3"(6)=35"(60) + (6 — 6o),

where 6 lies between 6 and 6.
Part I: Asymptotic limit of 45" (6)/d . Note that

a5 (6) _ 1 d“Ww me))

de’
) (C.1)
s} (6,%:(6)) _ aEfV(o, 7i(6)) fW(e ¥i(0)) 9%:(6)
do B ¢’ v, 0
By Lemma 5,
ﬂ??(i,a/ww» _ 5 4 oup(l), ﬁ?(g,y/ww)) MY 4 0w,

Then differentiation of the FOC for ¥;(0), /¥ (8, %;(9)) = 0, with respect to 6 and ; gives

0%(9) (@,

TV (9, %:(9)) T

7i(0)) =
By repeated application of Lemma 5 and Condition 3,

97:(0) _
Fr

(1Y) INY + oup(D),

Finally, replacing the expressions for the components in (C.1) and using the formulae
for the derivatives, which are provided in the Appendix G, we get

s (@) 1, A
de(, ) _ ;ZGaiPngi—i-Op(l)=J5W+0p(1), IV = E[Gy P} Gy,]. (C2)

i=1

Part IT: Asymptotic expansion for § — 6. By (C.2) and Lemma 22, which states the
stochastic expansion of +/nT5" (6y), we can write

0=vnTs" (60) + 45" (8) VnT (0 — 6p).
——— d0/
Op(1) orl)

Therefore, vnT(6 — 6y) = Op(1), and by Part I, Lemma 22, and Condition 3, we obtain

VT (@ - 00) % —(7%) ' N(xBY , V7). 0



12 Ferndndez-Val and Lee Supplementary Material

C.3 Proof of Theorem 4

Proor. Applying Lemma 4 with a minor modification, along with Condition 4, we can
prove an exact counterpart to Lemma 5 for the two-step GMM score for the fixed effects

70, v) =120, vi) + (6, 71),

where the expressions of’t;Q and ’t:R are given in the Appendix G, and for the two-step
score of the common parameter

5:(0,9:(8)) = —Gi(6, @(6)) Ai(6).

The only difference arises due to the term AR(O vi), which involves 0; (0, &) —
Lemma 8 shows that «/_(_(2 (0,a;)—0;) = OMP(Tl/IO), so that a result similar to Lemma 5
holds for the two-step scores.

Thus, we can make the same argument as in the proof of Theorem 2, using the
stochastic expansion of VnT5(6p) given in Lemma 23. O

APPENDIX D: ASYMPTOTIC DISTRIBUTION OF THE BIAS-CORRECTED TWO-STEP
GMM ESTIMATOR

D.1 Some lemmas

LEMMA 6. Assume that Conditions 1-4 hold. Let 1;(0, ;) denote the two-step GMM score
for the fixed effects, let5;(0, v;) denote the two-step GMM score for the common parame-
ter, and let 7;(0) be such that 1;(0,7;(0)) = 0. Let Tl]((? vi) denote t;(, Yi)/dv; dvi,j for
some( < j<d,  + dq, where v j is the jth component of vi and j = 0 denotes no second
derivative. LetN (6, vi) denote dt;(0, y:)/30'. Let M,J(O Vi) denote(f(ﬂ ¥i)/dv; dvi,j for
some (0 < j<dg+d,. Let S (0, v;) denote d5;(0,v;)/d0'. Let (0 (7i}l_,) be the two-step
GMM estimators.
Then, for any 6 between 8 and 6,, and anyy; between y; and v,

VT(T;4(0.%) — Tia) = 0up(TY), VT (M;j(0,%;) — Mij) = 0up(T""7),
VI(Ni(8,%) = Ni) = 0ur(TV"),  VT(8:(0,%) = Si) = 0up(T"").

PrROOF. Lety; = yl(e) and ;9 = ¥;(0y). First, note that

Jv;(0
VT Fi— i) = ’&;)f(e 00)

—(T2) ' N;VT (@ = 00) +0up (VT (@ — 69)) = Oyp(n~'1?),
S—— ———
=0,(1) =0p(n—1/2)

where the second equality follows from the proof of Theorems 2 and 4. Thus, by the same
argument used in the proof of Lemma 5,

VT@i = vio) =T @i —%i0) + T Fio — vio) = 0up(TV10).
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Given this result, and inspection of the scores and their derivatives (see the Appendix G),
the proof is similar to the proof of the second part of Lemma 5. O

LEMMA 7. Assume that Condition 1 holds. Let hj(z;: 0, «;), j = 1,2, be two functions
such that (i) hj(z; 0, ;) is continuously differentiable in (0,a;) € Y C Rt (ji) Y
is convex, and (iii) there exists a function M(z;) such that |hj(z:; 0, «;)| < M(z;;) and
|0h(zir; 0, @) /30, ;)| < M(z) with E[M (z;)'%do+dat®)/1=100+81 o5 for some 6 > 0
and 0 < v < 1/10. Define E(@, aj) =T Zthl hi(zir; 0, i) ha(zir; 6, @) and Fi(0, a;) :=
E[F:(0, a;)]. Let

af = argsup ’Q\IW(O*, )

such that of — ajy = oup(T%) and 6* — 0y = op(T“?), with -2/5 < a <0 for a =
max(ay, ag). Then, for any 0 between 6* and 6, and any «; between of and o,

Fi(0,@) — Fi(6y, axp) = oup(T%), ﬁ[ﬁi(a, @) — Fi(0,a)] = oup(TY"7).
The proof is the same as for Lemma 4, replacing H; by F;, and M (z;;) by M (z;;).

LEmMA 8. Assume that Conditions 1-6 hold. Let Q;(6,a;) = T-' "L, g(zis: 0, @;)g(zir; 0,
@;) be an estimator of the covariance function Q; = E[g(zi,)g(zi;)'], where 6 = 6, +
op(T~5) and @; = ajo + 0up(T2°). Let ﬁadl ji2(0,@) = dN+ 0,0, @) /0N a; 920 for
0<dy +dy <2. Then '

ﬁ<§ad1 0;12 (5’ ai) — Qadl 0?2) = 0”P<T1/10)'

Proor. Note that

|8(zir: 0, @)g(zir: 0, 0) — E[g(zis; 0, ai)g(zir; 6, @)’ ||
=< d§ 1§Ikll;yédg\gk(ziz; 0,a)gi(zi; 0, @) — E[gk(zir; 0, @ gi(zir; 6, @)']|.
Then we can apply Lemma 7 to 4 = gx and hp = g; with a = —2/5. A similar argument

applies to the derivatives, since they are sums of products of elements that satisfy the
assumption of Lemma 7. (]

LEmMA 9. Assume that Conditions 1-6 hold and that ¢ — oo such that ¢/T — 0 as
T — oco. For any 8 between 6 and 6y, let Sai(ﬁ) = [Gai@yﬁ;léai(a)rl, ﬁai(ﬁ) =
50 (0)Go, (0D, Py(8) = 07 — 077G o, (0)Ho, (0), SV (8) = [Go(0) W Gy (0)17,
aya = NGy, 0w, Tu@® = Gy (0)Pu(0)Go(0), BGH) = T7' x
Y0 X111 G, () Pay(8)8i4—(B), and BE(6) = —G,(0)' (B} (8) + BS(9) + BL(O) +
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§Kf(é)], where

do
BL () =—Po;(0) ) Gaa,,(0)30,(0)/2
j=1

T
+ Py ()Y T )" Gay (0)Hey(0)8i0—-i(0),
j=0 t=j+1

BY(0)=Ha (0) Y T )" Gy (0) Poy(0)Zi.1—j(6),

j=0 t=j+1
£ T
BL(0)=Pu, ()Y T D" Gu(0)8is(0) Pay(0)8ii—j(0),
=0 =+l
do

BY/(6) = Pa,(6) ) 00, [Hy) (0) —H,, (6)]
j=1

are estimators of 3., Ha;, Pa;, EZ, Hgfi/, Jsi, BS, and Bﬁ.. Let fad] o2 (0,@i(0)) and

NAd
F ) gir (0, ), with F € {3, H, P, 3" ,HY | I, BS, BB}, denote their derivatives for 0 <
dy+dy<1.Then
ﬁ(ﬁadl Gdzi(g, a,'(a)) —F 4 GdZi) = Oup(Tl/lo),
where F 4, ga,; = F if di + d2 = 0.

The results follow by Theorem 3 and Lemma 6, using the algebraic properties of the
oyp orders and Lemma 12 of HK to show the properties of the estimators of the spectral
expectations.

LEMMA 10. Assume that Conditions 1-6 hold. Then, for any 6 between 6 and 6,
T5(6) =Js + op(T7).

Proor. Note that
VT[Go,(0) Po,(8)Go,(0) — Gy Po,Go,] = 0up (T

by Theorem 3 and Lemmas 6 and 9, using the algebraic properties of the o,p orders. The
result then follows by a central limit theorem (CLT) for independent sequences since

73(8) — J; = E[Go,(0) Py ()G, (0)] — E[Gly, Py G,]

n
—pn! Z(G/eipa,-Goi — E[G/OiPaiGO;]) + OuP(Tiz/S).
i=1
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LEMMA 11. Assume that Conditions 1-6 hold. Then, for any 6 between 6 and 6,
Bs(6) = By + OP(T_Z/S).
The proofis analogous to the proof of Lemma 10, replacing J by Bs.

LEMMA 12. Assume that Conditions 1-6 hold. Then, for any 6 between 6 and 6y, and
B=-J 1B,

B(0) = —ﬁ(a)—lgs(/g) =B+ OP(T_Z/S).

The result follows from Lemmas 10 and 11, using a Taylor expansion argument.
D.2 Proofof Theorem 5

Prookr. Casel: C =BC. By Lemmas 10 and 25,

VAT (0 - 69) = =T, (8)7'5(00) = I '5(60) + 0p (T7°) Op (@)

= —J15(60) + op(1).

Then, by Lemmas 12 and 25,

VnT (6% — 6)) = VnT(0 - 6y) — «/ﬂ%ﬁ(ﬁ) =—J;15(00) + \/gjngs +op(1)

=-J! [% Z Psi + \/ng — \/ng} +op(1) 4 N (0, J;l).
i=1

Case II: C = SBC. First, note that §8C — 9 = Op(T~1) because the correction of the
score is of order Op(T~!). Then, by a Taylor expansion of the corrected FOC around
658C = g,

=00,
0 =F(6%8C) — T71B,(655€) =5(89) + T5(8)(6%5€ — 6) — T~ By + 0p(T72),
where 9 lies between 85B8C and 6y. Then by Lemma 25,
VnT(§SBC — o)
= —T,(0) " [VnT5(80) — n'/>T~V2B,] + 0p(1)

__A_—1Ln~.\/z_\/z d -1
=—Js(0) |:ﬁ§¢sz+ TS TS +0P(1)_’N(0,J5 )

Case III: C =1IBC. A similar argument applies to the estimating equation (5.2), since
6'BC is in an O(T~!) neighborhood of 6. O
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APPENDIX E: STOCHASTIC EXPANSION FOR ¥;9 = ¥;(0)) AND ¥;0 = ¥;(6p)

We characterize the stochastic expansions up to second order for one-step and two-
step estimators of the individual effects at the true common parameter. We only provide
detailed proofs of the results for the two-step estimator ¥;, because the proofs the one-
step estimator ¥,y follow by similar arguments. Lemmas 1 and 2 in the main text are
corollaries of these expansions. The expressions for the scores and their derivatives in
the components of the expansions are given in Appendix G.

LeMMA 13. Suppose that Conditions 1-4 hold. Then
. ~ _ d
VT Fio = vio) =9} + T?RY 5 N(0,1}7),

where
= Ll 1) T = ()

Ry =our(T'F), VY =E[I] 3]

Also
i Z g =0p(1).

Proor. We just show the part of the remainder term because the rest of the proof is
similar to the proof of Lemma 16. By the proof of Lemma 5, v'T (%9 — vio) = 0u,p(T"/10)
and

RY = — (1) (T (80, 710) — T} ) VT Gig — vio) = 0up(T'F).
——
=0y(1) —0,p(T1/10) —o0,p(T1/10) 0

LeMMmA 14. Suppose that Conditions 1-4 hold. Then

VT o —vio) =9 + 771207 + T71RY,

where
dg+d
off =~ (x) | a3 i | ot
Jj=1
AV =TTV = 1) = 0up(TVY),  RY =o0,p(T3'7).
Also,

1 n
=Y 0l =0p).
n i=1
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The proofis similar to the proof of Lemma 18.

Lemwma 15. Suppose that Conditions 1-4 hold. Then

n
=2 S NOER)), —ZQh = E[BY + YO+ B ] = BY

where

HW 00 do
) ( Y E[Gaj(zi)HY 8(zii-))] = D Gaay HY QHY /2>,
] —0oQ

j=1

BW,G —EW 0
Bl = (B»,G) N (mé‘f) > E[Gatei PY g(zia )

a; Jj=—00

) (Z Gloa, Pu QiHY, /24 ZG g, ® e,)HglVQiP;jj/z)

< ) Z E ft(ztt) g(Zi,t—j)]’

j——OO
or 3V = (G WG L, HY =36 W' and PV =w ' —w1G, HY.
f a; a; i a; a; o a; i i it

Proor. The results follow from Lemmas 13 and 14, noting that
(TW)—l__ EW W,/ wo_ H;Ii/ .
i - H}fl// Pg[/ ’ lp[t - P(L/[l/ g(zll)>

TWIW' _ Hgi/ o.(gv pv
E[l/" b ]_ PW l(Hai ’Pai)’

E[AV 7] = i ElGa,(2it) Py} 8(2i.1-)]
CN R \ElGey(zi) He 8z P + E[(zin) Pl 8(Zi- )]
G, PV O:HY _
W W | w | if j < dg,
E[gr T ] = Gla, He QiH

Gy (a, ® €ja)HY PV . if j > d,.
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LEMMA 16. Suppose that Conditions 1-6 hold. Then
~ ~ _ d
VT @i = vio) = i+ T7?Ri; > N, V),

where
T
Z —(17) 1«/7"“ = 0,p(TV1),

Ry = OuP(T]/S) = E[¢:/}).

Also
1 .-
NG ; #ri =Op(1).

ProoF. The statements about ; follow by the proof of Lemma 5 applied to the sec-
ond stage and by the CLT in Lemma 3 of HK. From a similar argument to the proof of
Lemma 5,

Ry =—(T2) ' VT(T2(00, 7)) — T2) VT Fio — vio)
—_—— —_—

]

=0y(1) =0,p(T1/10) =0,p(T1/10)

-1 o~ _ ~

— (1) VT (TR0, 7) — TR VT Gio — vi0)
N e’ N ——
=0,(1) =o0,p(T1/10) =0,p(T/10)

— Oup(Tl/s)

by Conditions 3 and 4. O
LEMMA 17. Assume that Conditions 1-4 hold. Then,
018, a)=0; + T4 + TR,
where
o~ da
lﬁ?jzi = VT2 —2) + Zﬂai,ﬁ% = OMP(TI/IO)’ R%i = OMP(TI/S)
j=1
and &l”; is the jth element of&iwj.
Proofr. By a mean value expansion around (6, ),
do
Qi(0,a) = 0; + Zna, (0, @) (&) — ajo,j) + Y _ 0;(0,a:)(8; — 6y,),
j=1 j=1

where (6, @;) lies between (8, &) and (6, a;). The expressions for ¢, can be obtained
using the expansions for ¥,y in Lemma 13 since ¥; — ;0 = 0,p(T~3/1). The order of this
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term follows from Lemma 13 and the CLT for independent sequences. The remainder

term is
do .
RK),‘ = Z[Qai,leu;,j + ﬁ(()ai’j(& al) - Qai,]‘)ﬁ(&i,]‘ - Olio,j)]
j=1

dg
+ Y 0,00, a)T(6; — 6,))
j=1
The uniform rate of convergence then follows by Lemmas 8 and 13, and Theorem 1. O

LeMMA 18. Suppose that Conditions 1-4 hold. Then

VT@io —vi0) = i + T~ Y201+ TRy, (E.D)

where
| et
~ 1| ~o~ - - . - -
O1i(i» a;) = —(T}) |:A}Q¢i +t3 > i T + diag[o, lp;’/)i]lp,}
=1
= OMP(Tl/S)a

A0 VTER =T =0up(T'),  Ro=oup(T°1Y).

Also,

1 n
=Y 01i=0r).
n

i=1

Proor. By asecond order Taylor expansion of the FOC for ;y, we have

dg+d,
-7 ST TS = T . AYCY
0=T7i(00, i) =1 +Ti(Fio = i) + 5 Y Fioj = ¥io, )T} (B0, ¥ Fio = vio),
j=1

where ¥; is between ¥;p and v;p. The expression for Q; can be obtained in a similar
fashion as in Lemma A4 in Newey and Smith (2004). The rest of the properties for Q;;
follow by Lemma 5 applied to the second stage, Lemma 16, and an argument similar to
the proof of Theorem 1 in HK that uses Corollary A.2 of Hall and Heide (1980, p. 278) and
Lemma 1 of Andrews (1991). The remainder term is

dg+de
—1| ~ . -
Ry = —(T) [A,-QRU + ) [Ru,jT,%V T (vio — vio) + ¢fi,jTi%R1i]/2:|

=1
dg+dy
—1 5 ~ _ -
- (T,Q) Z ﬁ(%’o,; - Vio,j)ﬁ(Tﬁ(Bo, Vi) — T,%)ﬁ(%'o - 7i0)/2
j=1

— (1) [diag[0, R}, VT (Fi0 — vio) + diag[0, ¥}y |Ry,].
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The uniform rate of convergence then follows by Lemmas 5 and 16 and Conditions 3
and 4. O

LEMMA 19. Suppose that Conditions 1-6 hold. Then

1 -~ 4 i, 1 < .
Jr 2 i NO.EVY), ;Z}Qu—%E[B§i+Bg+Bﬁ+B3i’]::By,
= 1=

where

I/;‘ = diag(zaia Pal')s

. (BL H,, da
B%’ = <B§\l) = (Poz;> (_ZGaai,jza,‘/z'i'E[Gai(zit)Ha,'g(Zi,t—j)] 5

j=1
BS 3\ w
BS = <B‘é’) = ( jal> ZE[Ga,-(Zit)/Paig(Zi,tfj)]a

B? Hy, | —
B?,» = <B%) - (le> ZE[g(ziz)g(zit)/Paig(Zi,t—j)]’

BW H da
W _ ai | a; W oy
Pn = (BKV) - (Pai ) Zgai” (Hay; — Hay))
for 30, = (G027 Go) ™!, Hoy = 30,Gl, 071, and Po, = 7' — Q7' Go, Ho,.
Proor. The results follow by Lemmas 16 and 18, noting that
— -3, H,. H,,
T‘Q 1:— G , it — — o (Z' )’
( l) (H&i Pal-) ‘lflt (Pai>g it

- 3. 0 -0~ o [ ElGa;(zit) Po;8(2i - )]
E Y| = ! s E A i|= ’
L) (0 Pai> 47w g<E[Gai(zit>/ a,-g<z,-,z_,-)]>

0
~ ~ - s lf.] S da,
E[§i, T2 9] = (G&az«,,«fa)
0, ifj>dy,

E[diag[0, g1y ]

0
B (Z;’ia El8(zi0)g(zir) Pay@(zii- )+ 252y D j(HY — Ha,-,,-)) ' U
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APPENDIX F: STOCHASTIC EXPANSION FOR’s‘lW(Hg, Yi0) AND 5;(6, ¥io)

We characterize stochastic expansions up to second order for one-step and two-step
profile scores of the common parameter evaluated at the true value of the common pa-
rameter. The expressions for the scores and their derivatives in the components of the
expansions are given in Appendix G.

Lemma 20. Suppose that Conditions 1-4 hold. Then

V00, 3i0) =TV + 1710, + T2RY

where
B = MY = oup(TY),
1dg+da
W W AW | AW IW SWoA W W 1/5
Ori =M 0y, + Gy ) Z Yi M, = our(T'7),
j=1
W vi4 W 1/10 W 2/5
¢ Zﬁ(Mi - M) = 0up(T"), RY = oup(T?).
Also,

Lo I ow
ﬁgwsi—op(l), nl;le,-—Op(l).

ProoF. By asecond order Taylor expansion of 57 (8, i) around %9 = vio,

dyg+d,
5700, 910) =5 + MY Fio — yi0) + 3 Z (Yio,j — %o,j)MZI;(GO, ¥)(Yio — Yio)»
j=1

where 7, is between ¥,y and vy,9. Noting that’s‘lW(Ho, vio) = 0 and using the expansion for
¥i in Lemma 14, we can obtain the expressions for /" and Q}", after some algebra.
The rest of the properties for these terms follow by the properties of l/}?/ and Q?l./. The
remainder term is

dy+da
= 1% .
w WRW o W W W oW T W W pW
Rysi = M7 Ry + G Ry + 5 > (R MENT Gio — vio) + ;M RY ]
j=1
dg+da
+5 > VTGioj = vio PVT (M (60, 7)) = MIHNT (Fio — vio)-
j=1

The uniform order of R;‘s/l. follows by the properties of the components in the expansion
of ¥, Lemma 5, and Conditions 3 and 4. O
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LEMMA 21. Suppose that Conditions 1-4 hold. We then have

n
%Zwizv(o,vm V¥ =BG, P Gy
=1

o Z QlSl 2 lez] = [ + B + BZ’V] = B;/V,

where B),"" = -G, BY = -G, (BW’+BWG+BW %), BlC =Y ElGo,(zi) Pl x
g(zi-p), By = —Z, 1 Gla P UHY /2 ~ S Gl Ui, @ epHY QPY 2, HY =

e, w3 =G, W, 1G)1,andPW Wt W G, HY .

Proor. The results follow by Lemmas 20 and 15, noting that

Wo.gW gWo.pW
Bl 1= (s
a; ST a; "
o0
E[CV Y] = Z E[Gei(zit)/Pg:g(Zi,t—j)],
Jj=—00
Glo, Pa QiHY if j < da,

ETGW MW iV =
[‘/’u t/‘p] {_ Gio,(a, ® €j_a, )HW_QPOEV if j>d,. O

]’

LEMMA 22. Suppose that Conditions 1-4 hold. Then, fors" () =n! YrS (60, ¥i0),
InTsV (09) % N(xkBY VW),
where BY and V)" are defined in Lemma 21.

Proor. By Lemma 20,

Il - [l n 1l
\/nT?W(Oo):ﬁ;lﬁsi‘i‘\/;;;lei"' ﬁ;;R%i

=0p(1) =0p(1) =op(1)
R 1Tl
=7 ; AR ;gm +op(D).
Then the result follows by Lemma 21. O

LEMMA 23. Suppose that Conditions 1-6 hold. Then
5i(00,%i0) = T~ 2dsi + T7' Q1si + T Ragi,

where all the terms are identical to that of Lemma 20 after replacing W by (2. Also, the
properties of all the terms of the expansion are analogous to those of Lemma 20.
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The proofis similar to the proof of Lemma 20.

LEMMA 24. Suppose that Conditions 1-6 hold. Then
1 . g 0 I
NG Y Ui > NO,J),  Jy=E[G} PGy,
i=1

1 _ _
—Y Qusi £ EE(Q151= E[BE + BS] =: B,
i

where Bg = —G/ei(Bii + Bg +B§Zi +BKI;), BS = Zji() E[Gei(Zit)/Pa,-g(Zi,t—j)]; Py, = _Qi—l _
0;'GoHayy Hoy = 30,Go 27, and 3o, = (G, 07 ' Go) 7L

Proor. The results follow by Lemmas 16, 18, 19, and 23, noting that

- Se 0\ g
E[‘pst‘//;z]:Mz!)( 0 Pa,-)MEQ’

E[Cyi] = Z E[Go,(zit) Pa;g(zi—)], E[‘Z’i,jM,{)j‘zfi] =0.
=0

LEMMA 25. Suppose that Conditions 1-4 hold. Then fors(6y) =n=13 15160, Vio)»
VnT5(6p) ! fjl/} + /2B +0p(1) S N(kBs, T,
== j B K ’ >
0 \/ﬁi=1 si T s P ssJs

where i5; and By are defined in Lemmas 23 and 24, respectively.

Using the expansion form obtained in Lemma 23, we can get the result by examining
each term with Lemma 24.

APPENDIX G: SCORES AND DERIVATIVES
G.1 One-step score and derivatives: Individual effects

We denote dimensions of g(z;), «;, and 6 by dg, do, and dy. The symbol ® de-
notes Kronecker product of matrices, and /,;, denotes a d,-order identity matrix. Let
Gow; (Zit; 0, @) = (Gaa (Zit; 0, i) 5 ..., Gaay g, (Zir; 0, a;)"), where
G w (zZis; 0, a;
Gaai’j(zit; 07 ai) = M
z?a,-’j

We denote derivatives of Gaq, (2ir; 6, ;) with respect to @ j by Gaq,a;;(Zir; 0, @), and use
additional subscripts for higher-order derivatives.
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G.1.1 Score:

1

T
Ga. (zis; 0, a;) A
W Z @ i, Vs g 1
t: 0, )= —— ! A~ = —
i (0.0 T (g(Zit; 0, a;) + WiA;

t=1

G.1.2 Derivatives with respect to the fixed effects

First derivatives:

Vi) = oy

1

Gai(O, a;)
= 0 G

TW E TW a;

P [i]__(Ga- ”i>’

() =- <_2‘EX HZ).

HY PV

[&%]
Second derivatives:

% (0, vi)

70, yi) =
A 9i,j 3

~ <6aa,a,.,,.(0, @) (U4, ® X))  Gaay, (8, a)

Gaa,-,j (07 al)

0 0

Goa;, 0 )’

_ <Gixa,'(lda ® ej_da)

- <Gaa,.<e, ai) (L4, ® ¢j-d,) 0)

T,-I;I; = E[i?;(%o; 60)] =

0

Third derivatives:

PV (0, vi)

™ (0,vi) = ——"~
IR T Dy 391, Y,

Supplementary Material

G (0, ) \i )

8i(0, o)) + WiA;

RN (Gaai(e, i) (g, ®Ai)  Gay(0, a»/)
2 0 i)

) ’ lfjidaa

0
ifj>dg,
lf,] S dola
8) , ifj>d,.
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aa aa,]k(e al) (Id ® Aj) Gaaal]k(o al)
aaa,]k(a a;) 0 ’
if j < do, k < do,

( Gaaay, (8, a» (L, ® €k—d,) 0)

1f]<da,k>da,
Goaasr (0, a»(ld ®ej_q,) 0)

1f]>da,k<da,

ifj>dy, k>dy,

00
00

if j < da, k > da,

( “““”k), ifj<da, k <dq,
aaa,}k

aaa,l(ld ex— d) 0)

0
|4 FW
thk_E[Tl]k] (I, ®e ) 0
_ ( Covar Ude @ €jde , i > do, k <da,
0 0
0 0 o
<0 0), ifj>dy, k> dg.
G.1.3 Derivatives with respect to the common parameter
First derivatives:

- at" (yi, 0) Go. a,(9 ;) A
NZ‘]/'(B, y) =" = l )

30; Go, (0, ;)
NY = E[NV, 0
ij = [i,j]:_ Go.. |

L]

G.2 One-step score and derivatives: Common parameters
Let G@a,‘(zil; 07 ai) = (Geam (Zit; 09 ai)/a [RRE) Ggai,da (Zit; 07 ai)/)/; where

dGo(zis; 0, ;)

Geai,j(zit§ 0,a;) = Jai

25

We denote the derivatives of Ggq, (zis; 6, ;) with respect to «; ; by Goa,a;;(zir; 0, @), and

use additional subscripts for higher-order derivatives.

G.2.1 Score:

T
1 ~
570, vi) = -7 > Go(zis: 0, ) Ai = =G, (0, ) Ai.
=1
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G.2.2 Derivatives with respect to the fixed effects
First derivatives:

s (0, vi)

MY (6, y) = P

= —(Gouay(0,a:) (g, @A) G, (6, ),

MY =E[fIY]= -0 G,).

Second derivatives:
- %W (0, vi)
M0, yi) = ——==
’ vi,j dv;
[ ~(Goaar; (0, @) Ua, @A) Gy (0, 0)'), i j < day
~(Goey (8, @) (g, ® €j_g,) 0), if j > dg,

_(0 G/0ai’j)7 lfjfda,

MW E[MU(OO, '}’LO)] , o
_(Gﬂa,- (Ida ® ej*da) 0), lf] > da,

Third derivatives:
oy 7757 (0, vi)
Mi jk(O, Yi) = o o o
’ 3Yik 9Yi,j Y,
—(G oy (0 @) gy ® X)) Gy (8, ))'),
lf] E dD() k S dO{7
—(aea,a,—,,-(& o)) (Ig, ®ek—q,) 0),
= ifj<dgy, k >dg,
~(Goaary (8, @) Ly, ® ej_g,) 0),
if j > dy, k < da,
—(0 0), ifj>dy, k>da,
—(0 G:‘)aa, ,k) ifj<da k <da,
I 0y if i
Ml =E[M/,]= (e, Tae ® ko) 0). i8) = das o> o
_( Oaalk(ld ®6] d) O) ifj>douk§da>
—(0 0, ifj>da, k >d,.

G.2.3 Derivatives with respect to the common parameters

First derivatives:
sy 0,y A
8Yi0. i) =~ =~ G, (6. @) i,
J

Sy =[S =
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G.3 Two-step score and derivatives: Fixed effects

G.3.1 Score:

T

- 1 Gy, (zir; 0, )’ A;
(6, 7) = —= ’ P
(6, 71) T ; (g(Zit; 0, a;) +2;(0, a;)A;

_ [ Gutban \ 0
8i(0, @) + QA (£2; = 2i)A;
=720, vi) +17(6, 71).

Note that the formulae for the derivatives of Appendix G.1 apply for E”, replacing w by
(2. Hence, we only need to obtain the derivatives for 7X.

G.3.2 Derivatives with respect to the fixed effects
First derivatives:

TR(Q
TR yi)zmz_ ¢ 0
P 3y, 0 0:0,a)— 1 )’

R_ 7R [0 AO
1 =E] = (0 E[Qi—ﬂi]>'

Second and third derivatives:
Since TiR (vi, ) does not depend on v;, the derivatives (and its expectation) of order
greater than 1 are 0.

G.3.3 Derivatives with respect to the common parameters
First derivatives:

- IR0, vi)
Nf©, v) = ——2—=0.

G.4 Two-step score and derivatives: Common parameters

G.4.1 Score:

T

~ 1 ~

5i(0,vi) = -7 E Go(zir; 0, )’ Ai = =Gy, (0, ;) ;.
=1

Since this score does not depend explicitly on ﬁi(é, a;), the formulae for the derivatives
are the same as in Appendix G.2.
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