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This supplement provides additional numerical examples and the proofs of the main
results. It is organized in seven appendices. Appendix A contains a Monte Carlo simu-
lation calibrated to the empirical example of the paper. Appendix B gives the proofs of
the consistency of the one-step and two-step FE-GMM estimators. Appendix C includes
the derivations of the asymptotic distribution of one-step and two-step FE-GMM esti-
mators. Appendix D provides the derivations of the asymptotic distribution of bias cor-
rected FE-GMM estimators. Appendix E and Appendix F contain the characterization
of the stochastic expansions for the estimators of the individual effects and the scores.
Appendix G includes the expressions for the scores and their derivatives.

Throughout the appendices OuP and ouP will denote uniform orders in probabil-
ity. For example, for a sequence of random variables {ξi : 1 ≤ i ≤ n}, ξi = OuP(1) means
sup1≤i≤n ξi = OP(1) as n→ ∞, and ξi = ouP(1) means sup1≤i≤n ξi = oP(1) as n→ ∞. It
can be shown that the usual algebraic properties for OP and oP orders apply to the uni-
form orders OuP and ouP . Let ej denote a 1 × dg unitary vector with a one in position j.
For a matrixA, |A| denotes Euclidean norm, that is |A|2 = trace[AA′]. HK refers to Hahn
and Kuersteiner (2011).

Appendix A: Numerical example

We design a Monte Carlo experiment to closely match the cigarette demand empirical
example in the paper. In particular, we consider the linear model with common and
individual-specific parameters,

Cit = α0i + α1iPit + θ1Ci�t−1 + θ2Ci�t+1 +ψεit�
Pit = η0i +η1iTaxit + uit (i= 1�2� 	 	 	 � n� t = 1�2� 	 	 	 �T )�
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where {(αji�ηji) : 1 ≤ i ≤ n} is independent and identically distributed (i.i.d.) bivariate
normal with mean (μj�μηj ), variances (σ2

j �σ
2
ηj
), and correlation ρj for j ∈ {0�1}, inde-

pendent across j; {uit : 1 ≤ t ≤ T�1 ≤ i ≤ n} is i.i.d. N(0�σ2
u); and {εit : 1 ≤ t ≤ T�1 ≤ i ≤ n}

is i.i.d. standard normal. We fix the values of Taxit to the values in the data set. All the pa-
rameters other than ρ1 and ψ are calibrated to the data set. Since the panel is balanced
for only 1972–1994, we set T = 23 and generate balanced panels for the simulations.
Specifically, we consider

n= 51� T = 23; μ0 = 72	86� μ1 = −31	26� μη0 = 0	81�

μη1 = 0	13� σ0 = 18	54� σ1 = 10	60� ση0 = 0	14� ση1 = 2	05�

σu = 0	15� θ1 = 0	45� θ2 = 0	27� ρ0 = −0	17�

ρ1 ∈ {0�0	3�0	6�0	9}� ψ ∈ {2�4�6}	

In the empirical example, the estimated values of ρ1 andψ are close to 0	3 and 5, respec-
tively.

Since the model is dynamic with leads and lags of the dependent variable on the
right hand side, we construct the series of Cit by solving the difference equation follow-
ing BGM. The stationary part of the solution is

Cit = 1
θ1φ1(φ2 −φ1)

∞∑
s=1

φs1hi(t + s)+ 1
θ1φ2(φ2 −φ1)

∞∑
s=0

φ−s
2 hi(t − s)�

where

hi(t)= α0i + α1iPi�t−1 +ψεi�t−1�

φ1 = 1 − (1 − 4θ1θ2)
1/2

2θ1
� φ2 = 1 + (1 − 4θ1θ2)

1/2

2θ1
	

In our specification, these values are φ1 = 0	31 and φ2 = 1	91. The parameters that we
vary across the experiments are ρ1 andψ. The parameter ρ1 controls the degree of corre-
lation between α1i and Pit , and determines the bias caused by using fixed-coefficient es-
timators. The parameterψ controls the degree of endogeneity in Ci�t−1 and Ci�t+1, which
determines the bias of OLS and the incidental parameter bias of random-coefficient IV
estimators. Althoughψ is not an ideal experimental parameter because it is the variance
of the error, it is the only free parameter that affects the endogeneity of Ci�t−1 and Ci�t+1.
In this design, we cannot fully remove the endogeneity of Ci�t−1 and Ci�t+1 because of
the dynamics.

In each simulation, we estimate the parameters with standard fixed-coefficient OLS
and IV with additive individual effects (FC), and estimate the FE-GMM OLS and IV es-
timators with the individual-specific coefficients (RC). For IV, we use the same set of
instruments as in the empirical example. We report results only for the common coef-
ficient θ2, and the mean and standard deviation of the individual-specific coefficient
α1i. Throughout the tables, “Bias” refers to the mean of the bias across simulations, SD



Supplementary Material Nonadditive panel models 3

refers to the standard deviation of the estimates, SE/SD denotes the ratio of the aver-
age standard error to the standard deviation, and p;0	05 is the rejection frequency of a
two-sided test with nominal level of 0	05 that the parameter is equal to its true value. For
bias-corrected RC estimators, the standard errors are calculated using bias-corrected
estimates of the common parameter and individual effects.

Table A.1 reports the results for the estimators of θ2. We find significant biases in
all the OLS estimators relative to the standard deviations of these estimators. The bias
of OLS grows with ψ. The IV-RC estimator has bias unless ρ1 = 0, that is unless there is
no correlation between α1i and Pit� and its test shows size distortions due to the bias
and underestimation in the standard errors. IV-RC estimators have no bias in every con-
figuration and their tests display much smaller size distortions than for the other es-
timators. The bias corrections preserve the bias and inference properties of the RC-IV
estimator.

Table A.2 reports similar results for the estimators of the mean of the individual-
specific coefficient μ1 = Ē[α1i]. We find substantial biases for OLS and IV-FC estimators.
RC-IV displays some bias, which is removed by the corrections in some configurations.
The bias corrections provide significant improvements in the estimation of standard er-
rors. IV-RC standard errors overestimate the dispersion by more than 15% when ψ is
greater than 2, whereas IV-BC or IV-IBC estimators have SE/SD ratios close to 1. As a re-
sult, bias-corrected estimators show smaller size distortions. This improvement comes
from the bias correction in the estimates of the dispersion of α1i that we use to construct
the standard errors. The bias of the estimator of the dispersion is generally large and is
effectively removed by the correction. We can see more evidence of this phenomenon in
Table A.3.

Table A.3 shows the results for the estimators of the standard deviation of the
individual-specific coefficient σ1 = Ē[(α1i − μ1)

2]1/2. As noted above, the bias correc-
tions are relevant in this case. As ψ increases, the bias grows in orders of ψ. Most of
the bias is removed by the correction, even when ψ is large. For example, when ψ = 6,
the bias of the IV-RC estimator is about 4, which is larger than two times its standard
deviation. The correction reduces the bias to about 0	5, which is small relative to the
standard deviation. Moreover, despite the overestimation in the standard errors, there
are important size distortions for IV-RC estimators for tests on σ1 when ψ is large. The
bias corrections bring the rejection frequencies close to their nominal levels.

Overall, the calibrated Monte Carlo experiment confirms that the IV-RC estimator
with bias correction provides improved estimation and inference for all the parameters
of interest for the model considered in the empirical example.

Appendix B: Consistency of one-step and two-step FE-GMM estimators

Lemma 3. Suppose that Conditions 1 and 2 hold. Then, for every η> 0,

Pr
{

sup
1≤i≤n

sup
(θ�α)∈Υ

∣∣Q̂Wi (θ�α)−QWi (θ�α)
∣∣≥ η}= o(T−1)
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Table A.1. Common parameter θ2.

ρ1 = 0 ρ1 = 0	3 ρ1 = 0	6 ρ1 = 0	9

Estimator Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05

ψ= 2
OLS-FC 0	06 0	01 0	84 1	00 0	06 0	01 0	83 1	00 0	06 0	01 0	84 1	00 0	07 0	01 0	71 1	00
IV-FC 0	00 0	01 0	90 0	08 −0	01 0	02 0	84 0	11 −0	01 0	02 0	78 0	18 −0	01 0	02 0	63 0	28
OLS-RC 0	04 0	01 0	97 1	00 0	04 0	01 0	99 1	00 0	04 0	01 1	02 1	00 0	04 0	01 0	96 1	00
BC-OLS 0	04 0	01 0	97 1	00 0	04 0	01 0	99 1	00 0	04 0	01 1	02 1	00 0	04 0	01 0	96 1	00
IBC-OLS 0	04 0	01 0	97 1	00 0	04 0	01 0	99 1	00 0	04 0	01 1	02 1	00 0	04 0	01 0	96 1	00
IV-RC 0	00 0	01 1	00 0	06 0	00 0	01 1	01 0	05 0	00 0	01 1	00 0	05 0	00 0	01 1	01 0	05
BC-IV 0	00 0	01 0	99 0	06 0	00 0	01 1	01 0	05 0	00 0	01 1	00 0	05 0	00 0	01 1	00 0	05
IBC-IV 0	00 0	01 0	99 0	06 0	00 0	01 1	01 0	05 0	00 0	01 1	00 0	05 0	00 0	01 1	00 0	05

ψ= 4
OLS-FC 0	12 0	01 1	09 1	00 0	12 0	01 1	03 1	00 0	12 0	01 1	10 1	00 0	12 0	01 1	07 1	00
IV-FC 0	00 0	02 0	94 0	07 −0	01 0	02 0	89 0	08 −0	01 0	02 0	92 0	09 −0	01 0	03 0	79 0	15
OLS-RC 0	10 0	01 1	06 1	00 0	10 0	01 1	05 1	00 0	11 0	01 1	08 1	00 0	11 0	01 1	07 1	00
BC-OLS 0	10 0	01 1	06 1	00 0	10 0	01 1	05 1	00 0	11 0	01 1	08 1	00 0	11 0	01 1	07 1	00
IBC-OLS 0	10 0	01 1	06 1	00 0	10 0	01 1	05 1	00 0	11 0	01 1	08 1	00 0	11 0	01 1	07 1	00
IV-RC 0	00 0	02 0	98 0	06 0	00 0	02 0	96 0	06 0	00 0	02 1	01 0	05 0	00 0	02 1	00 0	06
BC-IV 0	00 0	02 0	97 0	05 0	00 0	02 0	95 0	06 0	00 0	02 1	00 0	05 0	00 0	02 0	99 0	06
IBC-IV 0	00 0	02 0	97 0	05 0	00 0	02 0	95 0	06 0	00 0	02 1	00 0	05 0	00 0	02 0	99 0	06

ψ= 6
OLS-FC 0	16 0	01 1	27 1	00 0	16 0	01 1	22 1	00 0	16 0	01 1	25 1	00 0	16 0	01 1	34 1	00
IV-FC 0	00 0	03 0	95 0	06 0	00 0	03 0	94 0	06 −0	01 0	03 0	92 0	08 −0	01 0	04 0	92 0	08
OLS-RC 0	15 0	01 1	20 1	00 0	15 0	01 1	21 1	00 0	15 0	01 1	21 1	00 0	15 0	01 1	26 1	00
BC-OLS 0	15 0	01 1	20 1	00 0	15 0	01 1	21 1	00 0	15 0	01 1	21 1	00 0	15 0	01 1	26 1	00
IBC-OLS 0	15 0	01 1	20 1	00 0	15 0	01 1	21 1	00 0	15 0	01 1	21 1	00 0	15 0	01 1	26 1	00
IV-RC 0	00 0	03 0	98 0	06 0	00 0	03 1	00 0	04 0	00 0	03 1	01 0	05 0	00 0	03 1	05 0	04
BC-IV 0	00 0	03 0	95 0	06 0	00 0	03 0	97 0	04 0	00 0	03 0	98 0	05 0	00 0	03 1	02 0	04
IBC-IV 0	00 0	03 0	95 0	06 0	00 0	03 0	97 0	04 0	00 0	03 0	98 0	05 0	00 0	03 1	02 0	04

Note: RC and FC refer to random and fixed coefficient models. BC and IBC refer to bias-corrected and iterated bias-corrected estimates. 1,000 repetitions.
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Table A.2. Mean of individual specific parameter μ1 = Ē[α1i].
ρ1 = 0 ρ1 = 0	3 ρ1 = 0	6 ρ1 = 0	9

Estimator Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05

ψ= 2
OLS-FC 2	33 1	65 0	35 0	78 2	58 1	91 0	31 0	79 3	01 1	92 0	30 0	84 3	68 2	20 0	27 0	89
IV-FC 0	08 1	59 0	40 0	44 0	16 1	72 0	37 0	47 0	46 1	66 0	39 0	46 0	96 1	80 0	37 0	53
OLS-RC 1	16 1	53 1	02 0	12 1	15 1	65 0	96 0	12 1	19 1	59 0	99 0	12 1	25 1	62 0	97 0	13
BC-OLS 1	16 1	53 0	97 0	14 1	15 1	65 0	92 0	14 1	19 1	59 0	95 0	14 1	25 1	62 0	93 0	15
IBC-OLS 1	16 1	53 0	97 0	14 1	15 1	65 0	92 0	14 1	19 1	59 0	95 0	14 1	25 1	62 0	93 0	15
IV-RC 0	01 1	51 1	07 0	04 −0	01 1	62 1	00 0	05 0	02 1	56 1	04 0	05 0	08 1	59 1	03 0	05
BC-IV −0	01 1	51 1	02 0	04 −0	02 1	62 0	96 0	06 0	00 1	56 1	00 0	06 0	06 1	59 0	98 0	06
IBC-IV −0	01 1	51 1	02 0	04 −0	03 1	62 0	96 0	06 0	00 1	56 1	00 0	06 0	06 1	59 0	98 0	06

ψ= 4
OLS-FC 4	15 1	84 0	52 0	90 4	43 1	95 0	49 0	90 4	90 2	08 0	46 0	93 5	45 2	22 0	43 0	95
IV-FC 0	09 1	85 0	59 0	25 0	21 1	92 0	57 0	27 0	56 1	89 0	58 0	27 1	03 1	94 0	57 0	32
OLS-RC 3	19 1	76 1	06 0	41 3	12 1	81 1	04 0	38 3	12 1	76 1	07 0	38 3	18 1	78 1	06 0	38
BC-OLS 3	19 1	76 0	93 0	50 3	12 1	81 0	91 0	48 3	12 1	76 0	94 0	47 3	18 1	78 0	93 0	47
IBC-OLS 3	19 1	76 0	93 0	50 3	12 1	81 0	91 0	48 3	12 1	76 0	94 0	47 3	18 1	78 0	93 0	47
IV-RC 0	06 1	78 1	15 0	03 −0	01 1	86 1	10 0	03 0	03 1	78 1	15 0	03 0	10 1	78 1	15 0	03
BC-IV 0	00 1	78 1	02 0	05 −0	08 1	86 0	98 0	05 −0	04 1	78 1	02 0	05 0	03 1	78 1	02 0	05
IBC-IV −0	01 1	78 1	02 0	05 −0	08 1	86 0	98 0	05 −0	04 1	78 1	02 0	05 0	03 1	78 1	02 0	05

ψ= 6
OLS-FC 5	62 2	13 0	62 0	93 5	87 2	25 0	58 0	92 6	19 2	31 0	57 0	93 6	35 2	28 0	57 0	95
IV-FC 0	14 2	29 0	69 0	17 0	26 2	34 0	68 0	19 0	53 2	31 0	69 0	19 0	80 2	26 0	70 0	20
OLS-RC 4	69 2	10 1	08 0	53 4	59 2	14 1	07 0	51 4	52 2	11 1	09 0	50 4	30 2	01 1	15 0	46
BC-OLS 4	69 2	10 0	88 0	69 4	59 2	14 0	88 0	67 4	52 2	11 0	89 0	64 4	30 2	01 0	94 0	61
IBC-OLS 4	69 2	10 0	88 0	69 4	59 2	14 0	88 0	67 4	52 2	11 0	89 0	64 4	30 2	01 0	94 0	61
IV-RC 0	09 2	30 1	12 0	04 0	05 2	33 1	11 0	03 0	03 2	23 1	16 0	02 −0	10 2	18 1	19 0	02
BC-IV −0	05 2	30 0	95 0	06 −0	10 2	33 0	94 0	06 −0	12 2	23 0	97 0	06 −0	26 2	18 1	00 0	05
IBC-IV −0	06 2	30 0	95 0	06 −0	10 2	32 0	94 0	06 −0	13 2	23 0	97 0	06 −0	26 2	18 1	00 0	05

Note: RC/FC refers to random/fixed coefficient model. BC/IBC refers to bias corrected/iterated bias corrected estimates. 1,000 repetitions.
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Table A.3. Standard deviation of the individual specific parameter σ1 = Ē[(α1i −μ1)
2]1/2.

ρ1 = 0 ρ1 = 0	3 ρ1 = 0	6 ρ1 = 0	9

Estimator Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05 Bias SD SE/SD p; 0.05

ψ= 2
OLS-RC 0	01 1	06 1	02 0	05 0	15 1	06 1	02 0	05 0	11 1	08 0	99 0	06 0	17 1	06 0	99 0	06
BC-OLS −0	63 1	10 1	04 0	10 −0	48 1	11 1	04 0	09 −0	52 1	12 1	01 0	10 −0	46 1	11 1	01 0	09
IBC-OLS −0	63 1	10 1	04 0	10 −0	48 1	11 1	04 0	09 −0	52 1	12 1	01 0	10 −0	46 1	11 1	01 0	09
IV-RC 0	38 1	08 1	03 0	05 0	47 1	10 1	02 0	06 0	41 1	13 0	98 0	06 0	46 1	11 0	99 0	06
BC-IV −0	25 1	13 1	05 0	06 −0	16 1	14 1	04 0	06 −0	22 1	18 1	00 0	07 −0	17 1	16 1	00 0	06
IBC-IV −0	25 1	13 1	05 0	06 −0	16 1	14 1	04 0	06 −0	22 1	18 1	00 0	07 −0	17 1	16 1	00 0	06

ψ= 4
OLS-RC 0	89 1	21 1	17 0	04 0	98 1	20 1	17 0	05 1	08 1	16 1	19 0	06 1	09 1	05 1	23 0	08
BC-OLS −1	24 1	46 1	19 0	08 −1	13 1	44 1	20 0	08 −1	02 1	41 1	20 0	05 −0	98 1	23 1	24 0	03
IBC-OLS −1	24 1	46 1	19 0	08 −1	13 1	44 1	20 0	08 −1	02 1	41 1	20 0	05 −0	98 1	24 1	22 0	03
IV-RC 1	84 1	28 1	17 0	17 1	83 1	29 1	16 0	16 1	85 1	26 1	17 0	18 1	87 1	18 1	17 0	20
BC-IV −0	25 1	52 1	20 0	03 −0	26 1	52 1	19 0	02 −0	26 1	51 1	18 0	03 −0	21 1	37 1	18 0	02
IBC-IV −0	25 1	52 1	20 0	03 −0	26 1	52 1	19 0	02 −0	26 1	51 1	18 0	03 −0	21 1	38 1	16 0	02

ψ= 6
OLS-RC 2	35 1	33 1	38 0	14 2	60 1	40 1	30 0	21 2	57 1	37 1	31 0	21 2	69 1	31 1	28 0	38
BC-OLS −2	06 2	04 1	41 0	00 −1	71 2	14 1	30 0	01 −1	75 2	06 1	35 0	00 −1	54 1	78 1	28 0	00
IBC-OLS −2	06 2	04 1	41 0	00 −1	71 2	14 1	30 0	01 −1	75 2	06 1	35 0	00 −1	54 1	80 1	26 0	00
IV-RC 3	79 1	52 1	31 0	46 3	87 1	55 1	28 0	49 3	78 1	50 1	30 0	47 3	87 1	48 1	23 0	60
BC-IV −0	49 2	13 1	37 0	00 −0	42 2	23 1	29 0	01 −0	55 2	14 1	35 0	00 −0	40 1	96 1	24 0	01
IBC-IV −0	49 2	13 1	37 0	00 −0	41 2	23 1	29 0	01 −0	55 2	14 1	35 0	00 −0	39 1	97 1	22 0	02

Note: RC/FC refers to random/fixed coefficient model. BC/IBC refers to bias corrected/iterated bias corrected estimates. 1,000 repetitions.
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and

sup
α

∣∣QWi (θ�α)−QWi
(
θ′�α

)∣∣≤ C ·E[M(zit)]2∣∣θ− θ′∣∣
for some constant C > 0.

Proof. First, note that∣∣Q̂Wi (θ�α)−QWi (θ�α)
∣∣

≤ ∣∣̂gi(θ�α)′W −1
i ĝi(θ�α)− gi(θ�α)′W −1

i gi(θ�α)
∣∣

+ ∣∣̂gi(θ�α)′(Ŵ −1
i −W −1

i

)
ĝi(θ�α)

∣∣
≤ ∣∣[ĝi(θ�α)− gi(θ�α)

]′
W −1
i

[
ĝi(θ�α)− gi(θ�α)

]∣∣
+ 2 · ∣∣gi(θ�α)′W −1

i

[
ĝi(θ�α)− gi(θ�α)

]∣∣
+ ∣∣[ĝi(θ�α)− gi(θ�α)

]′(
Ŵ −1
i −W −1

i

)[
ĝi(θ�α)− gi(θ�α)

]∣∣
+ 2
∣∣[ĝi(θ�α)− gi(θ�α)

]′(
Ŵ −1
i −W −1

i

)
gi(θ�α)

∣∣
+ ∣∣gi(θ�α)′(Ŵ −1

i −W −1
i

)
gi(θ�α)

∣∣
≤ d2

g max
1≤k≤dg

∣∣̂gk�i(θ�α)− gk�i(θ�α)
∣∣2|Wi|−1

+ 2d2
g sup

1≤i≤n
E
[
M(zit)

]|Wi|−1 max
1≤k≤dg

∣∣̂gk�i(θ�α)− gk�i(θ�α)
∣∣

+ oP
(

max
1≤k≤dg

∣∣̂gk�i(θ�α)− gk�i(θ�α)
∣∣)�

where we use that sup1≤i≤n |Ŵi − Wi| = oP(1). Then, by Condition 2, we can apply
Lemma 4 of HK to |̂gk�i(θ�α)− gk�i(θ�α)| to obtain the first part.

The second part follows from∣∣QWi (θ�α)−QWi
(
θ′�α

)∣∣
≤ ∣∣gi(θ�α)′W −1

i

[
gi(θ�α)− gi

(
θ′�α

)]∣∣+ ∣∣[gi(θ�α)− gi
(
θ′�α

)]′
W −1
i gi

(
θ′�α

)∣∣
≤ 2 · d2

gE
[
M(zit)

]2|Wi|−1∣∣θ− θ′∣∣	 �

B.1 Proof of Theorem 1

Proof. Part I: Consistency of θ̃. For any η> 0, let

ε := inf
i

[
QWi (θ0�αi0)− sup

{(θ�α):|(θ�α)−(θ0�αi0)|>η}
QWi (θ�α)

]
> 0
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as defined in Condition 2. Using the standard argument for consistency of extremum
estimators, as in Newey and McFadden (1994), with probability 1 − o(T−1),

max|θ−θ0|>η�α1�			�αn
n−1

n∑
i=1

Q̂Wi (θ�αi) < n
−1

n∑
i=1

Q̂Wi (θ0�αi0)− 1
3
ε

by definition of ε and Lemma 3. Thus, by continuity of Q̂Wi and the definition on the left
hand side above, we conclude that Pr[|θ̃− θ0| ≥ η] = o(T−1).

Part II: Consistency of α̃i. By Part I and Lemma 3,

Pr
[

sup
1≤i≤n

sup
α

∣∣Q̂Wi (θ̃�α)−QWi (θ0�α)
∣∣≥ η]= o(T−1) (B.1)

for any η> 0. Let

ε := inf
i

[
QWi (θ0�αi0)− sup

{αi:|αi−αi0|>η}
QWi (θ0�αi)

]
> 0	

Condition on the event{
sup

1≤i≤n
sup
α

∣∣Q̂Wi (θ̃�α)−QWi (θ0�α)
∣∣≤ 1

3
ε

}
�

which has a probability equal to 1 − o(T−1) by (B.1). Then

max|αi−αi0|>η
Q̂Wi (θ̃�αi) < max|αi−αi0|>η

QWi (θ0�αi)+ 1
3
ε <QWi (θ0�αi0)− 2

3
ε

< Q̂Wi (θ̃�αi0)− 1
3
ε	

This is inconsistent with Q̂Wi (θ̃� α̃i)≥ Q̂Wi (θ̃�αi0) and, therefore, |α̃i−αi0| ≤ ηwith prob-
ability 1 − o(T−1) for every i.

Part III: Consistency of λ̃i. First, note that

|λ̃i| = ∣∣Ŵ −1
i ĝi(θ̃� α̃i)

∣∣≤ dg|Ŵi|−1 max
1≤k≤dg

(∣∣̂gk�i(θ̃� α̃i)− gk�i(θ̃� α̃i)
∣∣+ ∣∣gk�i(θ̃� α̃i)∣∣)

≤ dg|Ŵi|−1 max
1≤k≤dg

sup
(θ�αi)∈Υ

∣∣̂gk�i(θ�αi)− gk�i(θ�αi)
∣∣

+ dg|Ŵi|−1M(zit)|θ̃− θ0| + dg|Ŵi|−1M(zit)|α̃i − αi0|	
Then the result follows because sup1≤i≤n |Ŵi − Wi| = oP(1) and {Wi : 1 ≤ i ≤ n} are pos-
itive definite by Condition 2, max1≤k≤dg sup(θ�αi)∈Υ |̂gk�i(θ�αi) − gk�i(θ�αi)| = oP(1) by

Lemma 4 in HK, and |θ̃− θ0| = oP(1) and sup1≤i≤n |α̃i − αi0| = oP(1) by Parts I and II. �

B.2 Proof of Theorem 3

Proof. First, assume that Conditions 1, 2, 3, and 4 hold. The proof is exactly the same
as that of Theorem 1 using the uniform convergence of the criterion function.



Supplementary Material Nonadditive panel models 9

To establish the uniform convergence of the criterion function as in Lemma 3, we
need

sup
1≤i≤n

∣∣Ω̂i(θ̃� α̃i)−Ωi(θ0�αi0)
∣∣= oP(1)

along with an extended version of the continuous mapping theorem for ouP . This can be
shown by noting that∣∣Ω̂i(θ̃� α̃i)−Ωi(θ0�αi0)

∣∣
≤ ∣∣Ω̂i(θ̃� α̃i)−Ωi(θ̃� α̃i)

∣∣+ ∣∣Ωi(θ̃� α̃i)−Ωi(θ0�αi0)
∣∣

≤ ∣∣Ω̂i(θ̃� α̃i)−Ωi(θ̃� α̃i)
∣∣+ d2

gE
[
M(zit)

2]∣∣(θ̃� α̃i)− (θ0�αi0)
∣∣	

The convergence follows by the consistency of θ̃ and α̃i’s, and the application of
Lemma 2 of HK to gk(zit;θ�αi)gl(zit;θ�αi) using that |gk(zit;θ�αi)gl(zit;θ�αi)| ≤
M(zit)

2. �

Appendix C: Asymptotic distribution of one-step and two-step

FE-GMM estimators

C.1 Some lemmas

Lemma 4. Assume that Condition 1 holds. Let h(zit;θ�αi) be a function such that
(i) h(zit;θ�αi) is continuously differentiable in (θ�αi) ∈ Υ ⊂ R

dθ+dα , (ii) Υ is convex, and
(iii) there exists a function M(zit) such that |h(zit;θ�αi)| ≤ M(zit) and |∂h(zit;θ�αi)/
∂(θ�αi)| ≤M(zit)withE[M(zit)5(dθ+dα+6)/(1−10v)+δ]<∞ for some δ > 0 and 0< v < 1/10.
Define Ĥi(θ�αi) := T−1∑T

t=1 h(zit;θ�αi) andHi(θ�αi) := E[Ĥi(θ�αi)]. Let

α∗
i = arg max

αi
Q̂Wi

(
θ∗�αi

)
such that α∗

i − αi0 = ouP(T
aα) and θ∗ − θ0 = oP(T

aθ), with −2/5 ≤ a ≤ 0 for a =
max(aα�aθ). Then, for any θ between θ∗ and θ0, and any αi between α∗

i and αi0,

√
T
[
Ĥi(θ�αi)−Hi(θ�αi)

]= ouP(T 1/10)� Ĥi(θ�αi)−Hi(θ0�αi0)= ouP
(
Ta
)
	

Proof. The first statement follows from Lemma 2 in HK. The second statement follows
by the first statement and the conditions of the lemma by a mean value expansion since

∣∣Ĥi(θ�αi)−Hi(θ0�αi0)
∣∣ ≤ |θ− θ0|︸ ︷︷ ︸

=ouP(Ta)

∣∣∣∣∣ 1
T

T∑
t=1

M(zit)

∣∣∣∣∣︸ ︷︷ ︸
=OuP(1)

+|αi − αi0|︸ ︷︷ ︸
=ouP(Ta)

∣∣∣∣∣ 1
T

T∑
t=1

M(zit)

∣∣∣∣∣︸ ︷︷ ︸
=OuP(1)

+ ∣∣Ĥi(θ0�αi0)−Hi(θ0�αi0)
∣∣︸ ︷︷ ︸

=ouP(T−2/5)

= ouP
(
Ta
)
	 �
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Lemma 5. Assume that Conditions 1–4 hold. Let t̂Wi (θ�γi) denote the first stage GMM
score of the fixed effects, that is,

t̂Wi (θ�γi)= −
(
Ĝαi(θ�αi)

′λi
ĝi(θ�αi)+ Ŵiλi

)
�

where γi = (α′
i� λ

′
i)

′, ŝWi (θ�γi) denotes the one-step GMM score for the common parameter,
that is,

ŝWi (θ�γi)= −Ĝθi(θ�αi)′λi�
and γ̃i(θ) is such that t̂Wi (θ� γ̃i(θ))= 0.

Let T̂Wi�j (θ�γi) denote ∂̂tWi (θ�γi)/∂γ
′
i ∂γi�j and let M̂W

i�j (θ�γi) denote ∂̂sWi (θ�γi)/∂γ
′
i ∂γi�j

for some 0 ≤ j ≤ dg + dα, where γi�j is the jth element of γi and j = 0 denotes no second
derivative. Let N̂W

i (θ�γi) denote ∂̂tWi (θ�γi)/∂θ
′ and let ŜWi (θ�γi) denote ∂̂sWi (θ�γi)/∂θ

′.
Let (θ̃� γ̃1� 	 	 	 � γ̃n) be the one-step GMM estimator. Then, for any θ between θ̃ and θ0, and
any γi between γ̃i and γi0,

T̂Wi�j (θ�γi)− TWi�j = ouP(1)� M̂W
i�j (θ�γi)−MW

i�j = ouP(1)�
N̂W
i (θ�γi)−NW

i = ouP(1)� ŜWi (θ�γi)− SWi = ouP(1)	
Also, for any γi0 between γi0 and γ̃i0 = γ̃i(θ0),

√
T t̂Wi (θ0�γi0)= ouP

(
T 1/10)� √

T
(
T̂Wi�j (θ0�γi0)− TWi�j

)= ouP(T 1/10)�
√
T
(
M̂W
i�j (θ0�γi0)−MW

i�j

)= ouP(T 1/10)	
Proof. The first set of results follows by inspection of the scores and their derivatives
(the expressions are given in Appendix G), uniform consistency of γ̃i by Theorem 1, and
application of the first part of Lemma 4 to θ∗ = θ̃ and α∗

i = α̃i with a= 0.
The following steps are used to prove the second set of result. By Lemma 4,

√
T t̂Wi = ouP

(
T 1/10)� T̂Wi (θ0�γi0)− TWi = ouP(1)�

where γi0 is between γ̃i0 and γi0. Then a mean value expansion of the FOC of γ̃i0,
t̂Wi (θ0� γ̃i0)= 0, around γ̃i0 = γi0 gives

√
T(γ̃i0 − γi0)
= − (TWi )−1︸ ︷︷ ︸

=Ou(1)

√
T t̂Wi︸ ︷︷ ︸

=ouP(T 1/10)

− (TWi )−1︸ ︷︷ ︸
=Ou(1)

(
T̂Wi (θ0�γi0)− TWi

)︸ ︷︷ ︸
=ouP(1)

√
T(γ̃i0 − γi0)

= ouP
(
T 1/10)+ ouP(√T(γ̃i0 − γi0)

)
by Condition 3 and the previous result. Therefore,(

1 + ouP(1)
)√
T(γ̃i0 − γi0)= ouP

(
T 1/10) ⇒ √

T(γ̃i0 − γi0)= ouP
(
T 1/10)	

Given this uniform rate for γ̃i0, the desired result can be obtained by applying the
second part of Lemma 4 to θ∗ = θ0 and α∗

i = α̃i0 with a= −2/5. �
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C.2 Proof of Theorem 2

Proof. By a mean value expansion of the FOC for θ̃ around θ̃= θ0,

0 = ŝW (θ̃)= ŝW (θ0)+ d̂sW (θ)

dθ′ (θ̃− θ0)�

where θ lies between θ̃ and θ0.
Part I : Asymptotic limit of d̂sW (θ)/dθ′. Note that

d̂sW (θ)

dθ′ = 1
n

n∑
i=1

d̂sWi (θ� γ̃i(θ))

dθ′ �

(C.1)
d̂sWi (θ� γ̃i(θ))

dθ′ = ∂̂sWi (θ� γ̃i(θ))

∂θ′ + ∂̂sWi (θ� γ̃i(θ))

∂γ′
i

∂γ̃i(θ)

θ′ 	

By Lemma 5,

∂̂sWi (θ� γ̃i(θ))

∂θ′ = SWi + ouP(1)� ∂̂sWi (θ� γ̃i(θ))

∂γ′
i

=MW
i + ouP(1)	

Then differentiation of the FOC for γ̃i(θ), t̂Wi (θ� γ̃i(θ))= 0, with respect to θ and γ̃i gives

T̂Wi
(
θ� γ̃i(θ)

)∂γ̃i(θ)
∂θ′ + N̂W

i

(
θ� γ̃i(θ)

)= 0	

By repeated application of Lemma 5 and Condition 3,

∂γ̃i(θ)

∂θ′ = −(TWi )−1
NW
i + ouP(1)	

Finally, replacing the expressions for the components in (C.1) and using the formulae
for the derivatives, which are provided in the Appendix G, we get

d̂sW (θ)

dθ′ = 1
n

n∑
i=1

G′
θi
PWαi Gθi + oP(1)= JWs + oP(1)� JWs = Ē[G′

θi
PWαi Gθi

]
	 (C.2)

Part II : Asymptotic expansion for θ̃ − θ0. By (C.2) and Lemma 22, which states the
stochastic expansion of

√
nT ŝW (θ0), we can write

0 = √
nT ŝW (θ0)︸ ︷︷ ︸
OP(1)

+ d̂sW (θ)

dθ′︸ ︷︷ ︸
OP(1)

√
nT(θ̃− θ0)	

Therefore,
√
nT(θ̃− θ0)=OP(1), and by Part I, Lemma 22, and Condition 3, we obtain

√
nT(θ̃− θ0)

d→ −(JWs )−1
N
(
κBWs �V

W
s

)
	 �
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C.3 Proof of Theorem 4

Proof. Applying Lemma 4 with a minor modification, along with Condition 4, we can
prove an exact counterpart to Lemma 5 for the two-step GMM score for the fixed effects

t̂i(θ�γi)= t̂Ωi (θ�γi)+ t̂Ri (θ�γi)�
where the expressions of t̂Ωi and t̂Ri are given in the Appendix G, and for the two-step
score of the common parameter

ŝi
(
θ� γ̂i(θ)

)= −Ĝθi
(
θ� α̂i(θ)

)′̂
λi(θ)	

The only difference arises due to the term t̂Ri (θ�γi), which involves Ω̂i(θ̃� α̃i) − Ωi.
Lemma 8 shows that

√
T(Ω̂i(θ̃� α̃i)−Ωi)= ouP(T 1/10), so that a result similar to Lemma 5

holds for the two-step scores.
Thus, we can make the same argument as in the proof of Theorem 2, using the

stochastic expansion of
√
nT ŝ(θ0) given in Lemma 23. �

Appendix D: Asymptotic distribution of the bias-corrected two-step

GMM estimator

D.1 Some lemmas

Lemma 6. Assume that Conditions 1–4 hold. Let t̂i(θ�γi) denote the two-step GMM score
for the fixed effects, let ŝi(θ�γi) denote the two-step GMM score for the common parame-
ter, and let γ̂i(θ) be such that t̂i(θ� γ̂i(θ)) = 0. Let T̂i�j(θ�γi) denote ∂̂ti(θ�γi)/∂γ′

i ∂γi�j for
some 0 ≤ j ≤ dg + dα, where γi�j is the jth component of γi and j = 0 denotes no second
derivative. Let N̂i(θ�γi) denote ∂̂ti(θ�γi)/∂θ′. Let M̂i�j(θ�γi) denote ∂̂si(θ�γi)/∂γ′

i ∂γi�j for
some 0 ≤ j ≤ dg + dα. Let Ŝi(θ�γi) denote ∂̂si(θ�γi)/∂θ′. Let (θ̂� {γ̂i}ni=1) be the two-step
GMM estimators.

Then, for any θ between θ̂ and θ0, and anyγi between γ̂i and γi0,
√
T
(
T̂i�d(θ�γi)− Ti�d

)= ouP(T 1/10)� √
T
(
M̂i�j(θ�γi)−Mi�j

)= ouP(T 1/10)�
√
T
(
N̂i(θ�γi)−Ni

)= ouP(T 1/10)� √
T
(
Ŝi(θ�γi)− Si

)= ouP(T 1/10)	
Proof. Let γ̂i = γ̂i(θ̂) and γ̂i0 = γ̂i(θ0). First, note that

√
T(γ̂i − γ̂i0) = ∂γ̂i(θ)

∂θ′
√
T(θ̂− θ0)

= − (TΩi )−1
Ni︸ ︷︷ ︸

=Ou(1)

√
T(θ̂− θ0)︸ ︷︷ ︸

=OP(n−1/2)

+ouP
(√
T(θ̂− θ0)

)=OuP(n−1/2)�
where the second equality follows from the proof of Theorems 2 and 4. Thus, by the same
argument used in the proof of Lemma 5,

√
T(γ̂i − γi0)= √

T(γ̂i − γ̂i0)+ √
T(γ̂i0 − γi0)= ouP

(
T 1/10)	
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Given this result, and inspection of the scores and their derivatives (see the Appendix G),
the proof is similar to the proof of the second part of Lemma 5. �

Lemma 7. Assume that Condition 1 holds. Let hj(zit;θ�αi)� j = 1�2, be two functions
such that (i) hj(zit;θ�αi) is continuously differentiable in (θ�αi) ∈ Υ ⊂ R

dθ+dα , (ii) Υ
is convex, and (iii) there exists a function M(zit) such that |hj(zit;θ�αi)| ≤ M(zit) and
|∂hj(zit;θ�αi)/∂(θ�αi)| ≤M(zit) with E[M(zit)10(dθ+dα+6)/(1−10v)+δ] <∞ for some δ > 0
and 0 < v < 1/10. Define F̂i(θ�αi) := T−1∑T

t=1 h1(zit;θ�αi)h2(zit;θ�αi) and Fi(θ�αi) :=
E[F̂i(θ�αi)]. Let

α∗
i = arg sup

α
Q̂Wi

(
θ∗�α

)
such that α∗

i − αi0 = ouP(T
aα) and θ∗ − θ0 = oP(T

aθ), with −2/5 ≤ a ≤ 0 for a =
max(aα�aθ). Then, for any θ between θ∗ and θ0, and any αi between α∗

i and αi0,

F̂i(θ�αi)− Fi(θ0�αi0)= ouP
(
Ta
)
�

√
T
[
F̂i(θ�αi)− Fi(θ�αi)

]= ouP(T 1/10)	
The proof is the same as for Lemma 4, replacingHi by Fi, andM(zit) byM(zit)2.

Lemma 8. Assume that Conditions 1–6 hold. Let Ω̂i(θ�αi)= T−1∑T
t=1 g(zit;θ�αi)g(zit;θ�

αi)
′ be an estimator of the covariance function Ωi = E[g(zit)g(zit)′], where θ = θ0 +

oP(T
−2/5) and αi = αi0 + ouP(T

−2/5). Let Ω̂
αd1θ

d2
i

(θ�αi) = ∂d1+d2Ω̂i(θ�αi)/∂
d1αi ∂

d2θ for

0 ≤ d1 + d2 ≤ 2. Then

√
T
(
Ω̂
αd1θ

d2
i

(θ�αi)−Ω
αd1θ

d2
i

) = oup
(
T 1/10)	

Proof. Note that∣∣g(zit;θ�αi)g(zit;θ�αi)′ −E[g(zit;θ�αi)g(zit;θ�αi)′]∣∣
≤ d2

g max
1≤k≤l≤dg

∣∣gk(zit;θ�αi)gl(zit;θ�αi)′ −E[gk(zit;θ�αi)gl(zit;θ�αi)′]∣∣	
Then we can apply Lemma 7 to h1 = gk and h2 = gl with a = −2/5. A similar argument
applies to the derivatives, since they are sums of products of elements that satisfy the
assumption of Lemma 7. �

Lemma 9. Assume that Conditions 1–6 hold and that � → ∞ such that �/T → 0 as
T → ∞. For any θ between θ̂ and θ0, let Σ̂αi(θ) = [Ĝαi(θ)′Ω̂−1

i Ĝαi (θ)]−1, Ĥαi(θ) =
Σ̂αi(θ)Ĝαi(θ)

′Ω̂−1
i , P̂αi(θ) = Ω̂−1

i − Ω̂−1
i Ĝαi(θ)Ĥαi(θ), Σ̂

W
αi
(θ) = [Ĝαi(θ)′W −1

i Ĝαi (θ)]−1,

ĤW
αi
(θ) = Σ̂Wαi (θ)Ĝαi(θ)

′W −1
i , Ĵsi(θ) = Ĝθi(θ)

′P̂αi(θ)Ĝθi(θ), B̂Csi(θ̄) = T−1 ×∑�
j=0
∑T
t=j+1 Ĝθit (θ̄)

′P̂αi(θ̄)ĝi�t−j(θ̄), and B̂Bsi(θ̄) = −Ĝθi(θ̄)′[B̂Iλi(θ̄) + B̂Gλi(θ̄) + B̂Ωλi(θ̄) +
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B̂Wλi (θ̄)], where

B̂Iλi(θ)= −P̂αi (θ)
dα∑
j=1

Ĝααi�j (θ)Σ̂αi(θ)/2

+ P̂αi(θ)
�∑
j=0

T−1
T∑

t=j+1

Ĝαit (θ)Ĥαi(θ)ĝi�t−j(θ)�

B̂Gλi(θ)= Ĥαi(θ)′
∞∑
j=0

T−1
T∑

t=j+1

Ĝαit (θ)
′P̂αi(θ)ĝi�t−j(θ)�

B̂Ωλi(θ)= P̂αi(θ)
�∑
j=0

T−1
T∑

t=j+1

ĝit (θ)ĝit(θ)
′P̂αi(θ)ĝi�t−j(θ)�

B̂Wλi (θ)= P̂αi(θ)
dα∑
j=1

Ω̂αi�j
[
ĤW ′
αi�j
(θ)− Ĥ ′

αi�j
(θ)
]

are estimators of Σαi , Hαi , Pαi , Σ
W
αi

, HW
αi

, Jsi, BCsi , and BBsi. Let F̂αd1θd2 i(θ� α̂i(θ)) and

Fαd1θd2 i(θ�αi), with F ∈ {Σ�H�P�ΣW �HW �Jsi�B
C
si�B

B
si}, denote their derivatives for 0 ≤

d1 + d2 ≤ 1. Then

√
T
(
F̂αd1θd2 i

(
θ� α̂i(θ)

)− Fαd1θd2 i

)= ouP(T 1/10)�
where Fαd1θd2 i := F if d1 + d2 = 0.

The results follow by Theorem 3 and Lemma 6, using the algebraic properties of the
ouP orders and Lemma 12 of HK to show the properties of the estimators of the spectral
expectations.

Lemma 10. Assume that Conditions 1–6 hold. Then, for any θ between θ̂ and θ0,

Ĵs(θ)= Js + oP
(
T−2/5)	

Proof. Note that

√
T
[
Ĝθi(θ)

′P̂αi(θ)Ĝθi(θ)−G′
θi
PαiGθi

]= ouP(T 1/10)
by Theorem 3 and Lemmas 6 and 9, using the algebraic properties of the ouP orders. The
result then follows by a central limit theorem (CLT) for independent sequences since

Ĵs(θ)− Js = ̂̄E[Ĝθi(θ)′P̂αi(θ)Ĝθi(θ)]− Ē[G′
θi
PαiGθi

]
= n−1

n∑
i=1

(
G′
θi
PαiGθi − Ē

[
G′
θi
PαiGθi

])+ ouP(T−2/5)	
�
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Lemma 11. Assume that Conditions 1–6 hold. Then, for any θ between θ̂ and θ0,

B̂s(θ̃)= Bs + oP
(
T−2/5)	

The proof is analogous to the proof of Lemma 10, replacing Js by Bs .

Lemma 12. Assume that Conditions 1–6 hold. Then, for any θ between θ̂ and θ0, and
B = −J−1

s Bs ,

B̂(θ̂)= −Ĵs(θ̂)−1B̂s(θ̂)= B + oP
(
T−2/5)	

The result follows from Lemmas 10 and 11, using a Taylor expansion argument.

D.2 Proof of Theorem 5

Proof. Case I : C = BC. By Lemmas 10 and 25,

√
nT(θ̂− θ0) = −Ĵs(θ)−1̂s(θ0)= −J−1

s ŝ(θ0)+ oP
(
T−2/5)OP(√ n

T

)
= −J−1

s ŝ(θ0)+ oP(1)	
Then, by Lemmas 12 and 25,

√
nT
(
θ̂BC − θ0

) = √
nT(θ̂− θ0)− √

nT
1
T

B̂(θ̂)= −J−1
s ŝ(θ0)+

√
n

T
J−1
s Bs + oP(1)

= −J−1
s

[
1√
n

n∑
i=1

ψ̃si +
√
n

T
Bs −

√
n

T
Bs

]
+ oP(1) d→N

(
0� J−1

s

)
	

Case II : C = SBC. First, note that θ̂SBC − θ̂ = OP(T
−1) because the correction of the

score is of order OP(T−1). Then, by a Taylor expansion of the corrected FOC around
θ̂SBC = θ0,

0 = ŝ
(
θ̂SBC)− T−1B̂s

(
θ̂SBC)= ŝ(θ0)+ Ĵs(θ)

(
θ̂SBC − θ0

)− T−1Bs + oP
(
T−2)�

where θ lies between θ̂SBC and θ0. Then by Lemma 25,
√
nT
(
θ̂SBC − θ0

)
= −Ĵs(θ)−1[√nT ŝ(θ0)− n1/2T−1/2Bs

]+ oP(1)
= −Ĵs(θ)−1

[
1√
n

n∑
i=1

ψ̃si +
√
n

T
Bs −

√
n

T
Bs

]
+ oP(1) d→N

(
0� J−1

s

)
	

Case III : C = IBC. A similar argument applies to the estimating equation (5.2), since
θ̂IBC is in an O(T−1) neighborhood of θ0. �
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Appendix E: Stochastic expansion for γ̃i0 = γ̃i(θ0) and γ̂i0 = γ̂i(θ0)

We characterize the stochastic expansions up to second order for one-step and two-
step estimators of the individual effects at the true common parameter. We only provide
detailed proofs of the results for the two-step estimator γ̂i0, because the proofs the one-
step estimator γ̃i0 follow by similar arguments. Lemmas 1 and 2 in the main text are
corollaries of these expansions. The expressions for the scores and their derivatives in
the components of the expansions are given in Appendix G.

Lemma 13. Suppose that Conditions 1–4 hold. Then

√
T(γ̃i0 − γi0)= ψ̃Wi + T−1/2RW1i

d→N
(
0� V Wi

)
�

where

ψ̃Wi = 1√
T

T∑
t=1

ψWit = −(TWi )−1√
T t̂Wi = ouP

(
T 1/10)�

RW1i = ouP
(
T 1/5)� V Wi =E[ψ̃Wi ψ̃W ′

i

]
	

Also

1√
n

n∑
i=1

ψ̃Wi =OP(1)	

Proof. We just show the part of the remainder term because the rest of the proof is
similar to the proof of Lemma 16. By the proof of Lemma 5,

√
T(γ̃i0 − γi0)= ouP(T

1/10)

and

RW1i = − (TWi )−1︸ ︷︷ ︸
=Ou(1)

(
T̂Wi (θ0�γi0)− TWi

)︸ ︷︷ ︸
=ouP(T 1/10)

√
T(γ̃i0 − γi0)︸ ︷︷ ︸
=ouP(T 1/10)

= ouP
(
T 1/5)	

�

Lemma 14. Suppose that Conditions 1–4 hold. Then
√
T(γ̃i0 − γi0)= ψ̃Wi + T−1/2QW1i + T−1RW2i �

where

QW1i = −(TWi )−1
[
ÃWi ψ̃

W
i + 1

2

dg+dα∑
j=1

ψ̃Wi�jT
W
i�j ψ̃

W
i

]
= ouP

(
T 1/5)�

ÃWi = √
T
(
T̂Wi − TWi

)= ouP(T 1/10)� RW2i = ouP
(
T 3/10)	

Also,

1
n

n∑
i=1

QW1i =OP(1)	
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The proof is similar to the proof of Lemma 18.

Lemma 15. Suppose that Conditions 1–4 hold. Then

1√
n

n∑
i=1

ψ̃Wi
d→N

(
0� Ē

[
V Wi

])
�

1
n

n∑
i=1

QW1i
p→ Ē

[
BW�Iγi

+BW�Gγi
+BW�1Sγi

]=: BWγ �

where

V Wi =
(
HW
αi

PWαi

)
Ωi
(
HW ′
αi
�PWαi

)
�

BW �Iγi
=
(
BW�Iαi

B
W �I
λi

)

=
(
HW
αi

PWαi

)( ∞∑
j=−∞

E
[
Gαi(zit)H

W
αi
g(zi�t−j)

]− dα∑
j=1

Gααi�jH
W
αi
ΩiH

W ′
αi
/2

)
�

BW �Gγi
=
(
BW�Gαi

BW �Gλi

)
=
(

−ΣWαi
HW ′
αi

) ∞∑
j=−∞

E
[
Gαi(zit)

′PWαi g(zi�t−j)
]
�

BW �1Sγi
=
(
BW�1Sαi

BW �1Sλi

)

=
(
ΣWαi

−HW ′
αi

)(
dα∑
j=1

G′
ααi�j

PWαi ΩiH
W ′
αi
/2 +

dg∑
j=1

G′
ααi
(Idα ⊗ ej)HW

αi
ΩiP

W
αi�j
/2

)

+
(
HW
αi

PWαi

) ∞∑
j=−∞

E
[
ξi(zit)P

W
αi
g(zi�t−j)

]
�

for ΣWαi = (G′
αi
W −1
i Gαi)

−1,HW
αi

= ΣWαiG′
αi
W −1
i , and PWαi =W −1

i −W −1
i GαiH

W
αi

.

Proof. The results follow from Lemmas 13 and 14, noting that

(
TWi
)−1 = −

(
−ΣWαi HW

αi

HW ′
αi

PWαi

)
� ψWit = −

(
HW
αi

PWαi

)
g(zit)�

E
[
ψ̃Wi ψ̃

W ′
i

]= (HW
αi

PWαi

)
Ωi
(
HW ′
αi
�PWαi

)
�

E
[
ÃWi ψ̃

W
i

]= ∞∑
j=−∞

(
E[Gαi(zit)′PWαi g(zi�t−j)]

E[Gαi(zit)′HW
αi
g(zi�t−j)] +E[ξi(zit)PWαi g(zi�t−j)]

)
�

E
[
ψ̃Wi�jT

W
i�j ψ̃

W
i

]=
⎧⎪⎪⎨⎪⎪⎩

−
(
G′
ααi�j

PWαi ΩiH
W ′
αi

G′
ααi�j

HW
αi
ΩiH

W ′
αi

)
� if j ≤ dα�

G′
ααi
(Idα ⊗ ej−dα)HW

αi
ΩiP

W
αi�j
� if j > dα	 �
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Lemma 16. Suppose that Conditions 1–6 hold. Then

√
T(γ̂i0 − γi0)= ψ̃i + T−1/2R1i

d→N(0� Vi)�

where

ψ̃i = 1√
T

T∑
t=1

ψit = −(TΩi )−1√
T t̂Ωi = ouP

(
T 1/10)�

R1i = ouP
(
T 1/5)� Vi =E

[
ψ̃iψ̃

′
i

]
	

Also

1√
n

n∑
i=1

ψ̃i =OP(1)	

Proof. The statements about ψ̃i follow by the proof of Lemma 5 applied to the sec-
ond stage and by the CLT in Lemma 3 of HK. From a similar argument to the proof of
Lemma 5,

R1i = − (TΩi )−1︸ ︷︷ ︸
=Ou(1)

√
T
(
T̂Ωi (θ0�γi)− TΩi

)︸ ︷︷ ︸
=ouP(T 1/10)

√
T(γ̂i0 − γi0)︸ ︷︷ ︸
=ouP(T 1/10)

− (TΩi )−1︸ ︷︷ ︸
=Ou(1)

√
T
(
T̂ Ri (θ0�γi)− TRi

)︸ ︷︷ ︸
=ouP(T 1/10)

√
T(γ̂i0 − γi0)︸ ︷︷ ︸
=ouP(T 1/10)

= ouP
(
T 1/5)

by Conditions 3 and 4. �

Lemma 17. Assume that Conditions 1–4 hold. Then,

Ω̂i(θ̃� α̃i)=Ωi + T−1/2ψ̃WΩi + T−1RW1Ωi�

where

ψ̃WΩi =
√
T(Ω̂i −Ωi)+

dα∑
j=1

Ωαi�j ψ̃
W
i�j = oup

(
T 1/10)� RW1Ωi = oup

(
T 1/5)

and ψ̃Wi�j is the jth element of ψ̃Wi�j .

Proof. By a mean value expansion around (θ0�αi0),

Ω̂i(θ̃� α̃i) = Ω̂i +
dα∑
j=1

Ω̂αi�j (θ�αi)(α̃i�j − αi0�j)+
dθ∑
j=1

Ω̂θj (θ�αi)(θ̃j − θ0�j)�

where (θ�αi) lies between (θ̃� α̃i) and (θ0�αi0). The expressions for ψ̃WΩi can be obtained
using the expansions for γ̃i0 in Lemma 13 since γ̃i − γ̃i0 = ouP(T−3/10). The order of this
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term follows from Lemma 13 and the CLT for independent sequences. The remainder
term is

RW1Ωi =
dα∑
j=1

[
Ωαi�jR

W
1i�j +

√
T
(
Ω̂αi�j (θ�αi)−Ωαi�j

)√
T(α̃i�j − αi0�j)

]

+
dθ∑
j=1

Ω̂θj (θ�αi)T(θ̃j − θ0�j)	

The uniform rate of convergence then follows by Lemmas 8 and 13, and Theorem 1. �

Lemma 18. Suppose that Conditions 1–4 hold. Then
√
T(γ̂i0 − γi0)= ψ̃i + T−1/2Q1i + T−1R2i� (E.1)

where

Q1i(ψ̃i� ãi)= −(TΩi )−1
[
ÃΩi ψ̃i +

1
2

dg+dα∑
j=1

ψ̃i�jT
Ω
i�jψ̃i + diag

[
0� ψ̃WΩi

]
ψ̃i

]

= ouP
(
T 1/5)�

ÃΩi = √
T
(
T̂Ωi − TΩi

)= ouP(T 1/10)� R2i = ouP
(
T 3/10)	

Also,

1
n

n∑
i=1

Q1i =OP(1)	

Proof. By a second order Taylor expansion of the FOC for γ̂i0, we have

0 = t̂i(θ0� γ̂i0)= t̂Ωi + T̂i(γ̂i0 − γi0)+ 1
2

dg+dα∑
j=1

(γ̂i0�j − γi0�j)T̂i�j(θ0�γi)(γ̂i0 − γi0)�

where γi is between γ̂i0 and γi0. The expression for Q1i can be obtained in a similar
fashion as in Lemma A4 in Newey and Smith (2004). The rest of the properties for Q1i
follow by Lemma 5 applied to the second stage, Lemma 16, and an argument similar to
the proof of Theorem 1 in HK that uses Corollary A.2 of Hall and Heide (1980, p. 278) and
Lemma 1 of Andrews (1991). The remainder term is

R2i = −(TΩi )−1
[
ÃΩi R1i +

dg+dα∑
j=1

[
R1i�jT

Ω
i�j

√
T(γ̂i0 − γi0)+ ψ̃i�jTΩi�jR1i

]
/2

]

− (TΩi )−1
dg+dα∑
j=1

√
T(γ̂i0�j − γi0�j)

√
T
(
T̂Ωi�j(θ0�γi)− TΩi�j

)√
T(γ̂i0 − γi0)/2

− (TΩi )−1[
diag

[
0�RW1Ωi

]√
T(γ̂i0 − γi0)+ diag

[
0� ψ̃WΩi

]
R1i
]
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The uniform rate of convergence then follows by Lemmas 5 and 16 and Conditions 3
and 4. �

Lemma 19. Suppose that Conditions 1–6 hold. Then

1√
n

n∑
i=1

ψ̃i
d→N

(
0� Ē[Vi]

)
�

1
n

n∑
i=1

Q1i
p→ Ē

[
BIγi +BGγi +BΩγi +BWγi

]=: Bγ�

where

Vi = diag(Σαi�Pαi)�

BIγi =
(
BIαi
BIλi

)
=
(
Hαi
Pαi

)(
−

dα∑
j=1

Gααi�jΣαi/2 +E[Gαi(zit)Hαig(zi�t−j)]
)
�

BGγi =
(
BGαi
BGλi

)
=
(

−Σαi
H ′
αi

) ∞∑
j=0

E
[
Gαi(zit)

′Pαig(zi�t−j)
]
�

BΩγi =
(
BΩαi
BΩλi

)
=
(
Hαi
Pαi

) ∞∑
j=0

E
[
g(zit)g(zit)

′Pαig(zi�t−j)
]
�

BWγi =
(
BWαi
BWλi

)
=
(
Hαi
Pαi

)
dα∑
j=1

Ωαi�j
(
HW ′
αi�j

−H ′
αi�j

)

for Σαi = (G′
αi
Ω−1
i Gαi)

−1,Hαi = ΣαiG′
αi
Ω−1
i , and Pαi =Ω−1

i −Ω−1
i GαiHαi .

Proof. The results follow by Lemmas 16 and 18, noting that

(
TΩi
)−1 = −

(
−Σαi Hαi
H ′
αi
Pαi

)
� ψit = −

(
Hαi
Pαi

)
g(zit)�

E
[
ψ̃iψ̃

′
i

]= (Σαi 0
0 Pαi

)
� E

[
ÃΩi ψ̃i

]= ∞∑
j=0

(
E[Gαi(zit)′Pαig(zi�t−j)]
E[Gαi(zit)′Hαig(zi�t−j)]

)
�

E
[
ψ̃i�jT

Ω
i�jψ̃i

]=
⎧⎪⎪⎨⎪⎪⎩

−
(

0
G′
ααi�j

Σαi

)
� if j ≤ dα�

0� if j > dα�

E
[
diag

[
0� ψ̃WΩi

]
ψ̃i
]

=
(

0∑∞
j=0E[g(zit)g(zit)′Pαig(zi�t−j)] +∑dα

j=1Ωαi�j (H
W ′
αi�j

−Hαi�j )

)
	 �
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Appendix F: Stochastic expansion for ŝWi (θ0� γ̃i0) and ŝi(θ0� γ̂i0)

We characterize stochastic expansions up to second order for one-step and two-step
profile scores of the common parameter evaluated at the true value of the common pa-
rameter. The expressions for the scores and their derivatives in the components of the
expansions are given in Appendix G.

Lemma 20. Suppose that Conditions 1–4 hold. Then

ŝWi (θ0� γ̃i0)= T−1/2ψ̃Wsi + T−1QW1si + T−3/2RW2si�

where

ψ̃Wsi =MW
i ψ̃

W
i = ouP

(
T 1/10)�

QW1si =MW
i Q

W
1i + C̃Wi ψ̃Wi + 1

2

dg+dα∑
j=1

ψ̃Wi�jM
W
i�j ψ̃

W
i = ouP

(
T 1/5)�

C̃Wi = √
T
(
M̂W
i −MW

i

)= ouP(T 1/10)� RW2si = ouP
(
T 2/5)	

Also,

1√
n

n∑
i=1

ψ̃Wsi =OP(1)� 1
n

n∑
i=1

QW1si =OP(1)	

Proof. By a second order Taylor expansion of ŝWi (θ0� γ̃i0) around γ̃i0 = γi0,

ŝWi (θ0� γ̃i0) = ŝWi + M̂W
i (γ̃i0 − γi0)+ 1

2

dg+dα∑
j=1

(γ̃i0�j − γi0�j)M̂W
i�j (θ0�γi)(γ̃i0 − γi0)�

where γi is between γ̃i0 and γi0. Noting that ŝWi (θ0�γi0)= 0 and using the expansion for
γ̃i0 in Lemma 14, we can obtain the expressions for ψ̃Wsi and QW1si, after some algebra.
The rest of the properties for these terms follow by the properties of ψ̃Wi and QW1i . The
remainder term is

RW2si =MW
i R

W
2i + C̃Wi RW1i + 1

2

dg+dα∑
j=1

[
RW1i�jM

W
i�j

√
T(γ̃i0 − γi0)+ ψ̃Wi�jMW

i�jR
W
1i
]

+ 1
2

dg+dα∑
j=1

√
T(γ̃i0�j − γi0�j)

√
T
(
M̂W
i�j (θ0�γi)−MW

i�j

)√
T(γ̃i0 − γi0)	

The uniform order of RW2si follows by the properties of the components in the expansion
of γ̃i0, Lemma 5, and Conditions 3 and 4. �
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Lemma 21. Suppose that Conditions 1–4 hold. We then have

1√
n

n∑
i=1

ψ̃Wsi
d→N

(
0� V Ws

)
� V Ws = Ē[G′

θi
PWαi ΩiP

W
αi
Gθi
]
�

1
n

n∑
i=1

QW1si
p→ ĒE

[
QW1si

]= Ē[BW�Bsi +BW�Csi +BW�Vsi

]=: BWs �

where BW�Bsi = −G′
θi
BWλi = −G′

θi
(B
W �I
λi

+ B
W�G
λi

+ B
W�1S
λi

), BW�Csi =∑∞
j=−∞E[Gθi(zit)′PWαi ×

g(zi�t−j)], BW�Vsi = −∑dα
j=1G

′
θαi�j

PWαi ΩiH
W ′
αi
/2 −∑dg

j=1G
′
θαi
(Idα ⊗ ej)H

W
αi
ΩiP

W
αi�j
/2� HW

αi
=

ΣWαiG
′
αi
W −1
i , ΣWαi = (G′

αi
W −1
i Gαi)

−1, and PWαi =W −1
i −W −1

i GαiH
W
αi

.

Proof. The results follow by Lemmas 20 and 15, noting that

E
[
ψ̃Wsi ψ̃

W ′
si

]=MW
i

(
HW
αi
ΩiH

W ′
αi
HW
αi
ΩiP

W
αi

PWαi ΩiH
W ′
αi

PWαi ΩiP
W
αi

)
MW ′
i �

E
[
C̃Wi ψ̃

W
i

]= ∞∑
j=−∞

E
[
Gθi(zit)

′PWαi g(zi�t−j)
]
�

E
[
ψ̃Wi�jM

W
i�j ψ̃

W
i

]= {−G′
θαi�j

PWαi ΩiH
W ′
αi
� if j ≤ dα�

−G′
θαi
(Idα ⊗ ej−dα)HW

αi
ΩiP

W
αi�j
� if j > dα	 �

Lemma 22. Suppose that Conditions 1–4 hold. Then, for ŝW (θ0)= n−1∑n
i=1 ŝ

W
i (θ0� γ̃i0),

√
nT ŝW (θ0)

d→N
(
κBWs �V

W
s

)
�

where BWs and V Ws are defined in Lemma 21.

Proof. By Lemma 20,

√
nT ŝW (θ0) = 1√

n

n∑
i=1

ψ̃Wsi︸ ︷︷ ︸
=OP(1)

+
√
n

T

1
n

n∑
i=1

QW1si︸ ︷︷ ︸
=OP(1)

+
√
n

T 2
1
n

n∑
i=1

RW2si︸ ︷︷ ︸
=oP(1)

= 1√
n

n∑
i=1

ψ̃Wsi +
√
n

T

1
n

n∑
i=1

QW1si + oP(1)	

Then the result follows by Lemma 21. �

Lemma 23. Suppose that Conditions 1–6 hold. Then

ŝi(θ0� γ̂i0)= T−1/2ψ̃si + T−1Q1si + T−3/2R2si�

where all the terms are identical to that of Lemma 20 after replacing W by Ω. Also, the
properties of all the terms of the expansion are analogous to those of Lemma 20.



Supplementary Material Nonadditive panel models 23

The proof is similar to the proof of Lemma 20.

Lemma 24. Suppose that Conditions 1–6 hold. Then

1√
n

n∑
i=1

ψ̃si
d→N(0� Js)� Js = Ē[G′

θi
PαiGθi

]
�

1
n

n∑
i=1

Q1si
p→ ĒE[Q1si] = Ē[BBsi +BCsi]=: Bs�

where BBsi = −G′
θi
(BIλi +BGλi +BΩλi +BWλi ), BCsi =

∑∞
j=0E[Gθi(zit)′Pαig(zi�t−j)], Pαi =Ω−1

i −
Ω−1
i GαiHαi ,Hαi = ΣαiG′

αi
Ω−1
i , and Σαi = (G′

αi
Ω−1
i Gαi)

−1.

Proof. The results follow by Lemmas 16, 18, 19, and 23, noting that

E
[
ψ̃siψ̃

′
si

]=MΩ
i

(
Σαi 0
0 Pαi

)
MΩ′
i �

E
[
C̃Ωi ψ̃i

]= ∞∑
j=0

E
[
Gθi(zit)

′Pαig(zi�t−j)
]
� E

[
ψ̃i�jM

Ω
i�jψ̃i

]= 0	
�

Lemma 25. Suppose that Conditions 1–4 hold. Then for ŝ(θ0)= n−1∑n
i=1 ŝi(θ0� γ̂i0),

√
nT ŝ(θ0)= 1√

n

n∑
i=1

ψ̃si +
√
n

T
Bs + oP(1) d→N(κBs� Js)�

where ψ̃si and Bs are defined in Lemmas 23 and 24, respectively.

Using the expansion form obtained in Lemma 23, we can get the result by examining
each term with Lemma 24.

Appendix G: Scores and derivatives

G.1 One-step score and derivatives: Individual effects

We denote dimensions of g(zit), αi, and θ by dg, dα, and dθ. The symbol ⊗ de-
notes Kronecker product of matrices, and Idα denotes a dα-order identity matrix. Let
Gααi(zit;θ�αi) := (Gααi�1(zit;θ�αi)′� 	 	 	 �Gααi�dα (zit;θ�αi)′)′, where

Gααi�j (zit;θ�αi)= ∂Gαi(zit;θ�αi)
∂αi�j

	

We denote derivatives ofGααi(zit;θ�αi)with respect to αi�j byGαα�αi�j (zit;θ�αi), and use
additional subscripts for higher-order derivatives.
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G.1.1 Score:

t̂Wi (θ�γi)= − 1
T

T∑
t=1

(
Gαi(zit;θ�αi)′λi
g(zit;θ�αi)+ Ŵiλi

)
= −

(
Ĝαi(θ�αi)

′λi
ĝi(θ�αi)+ Ŵiλi

)
	

G.1.2 Derivatives with respect to the fixed effects

First derivatives:

T̂Wi (θ�γi)= ∂̂tWi (γi� θ)

∂γ′
i

= −
(
Ĝααi(θ�αi)

′(Idα ⊗ λi) Ĝαi(θ�αi)
′

Ĝαi(θ�αi) Ŵi

)
�

TWi = E[T̂Wi ]= −
(

0 G′
αi

Gαi Wi

)
�

(
TWi
)−1 = −

(
−ΣWαi HW

αi

HW ′
αi

PWαi

)
	

Second derivatives:

T̂Wi�j (θ�γi)= ∂2̂tWi (θ�γi)

∂γi�j ∂γ
′
i

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−
(
Ĝαα�αi�j (θ�αi)

′(Idα ⊗ λi) Ĝααi�j (θ�αi)
′

Ĝααi�j (θ�αi) 0

)
� if j ≤ dα�

−
(
Ĝααi(θ�αi)

′(Idα ⊗ ej−dα) 0
0 0

)
� if j > dα�

TWi�j = E[T̂Wi�j (γi0;θ0)
]=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−
(

0 G′
ααi�j

Gααi�j 0

)
� if j ≤ dα�

−
(
G′
ααi
(Idα ⊗ ej−dα) 0

0 0

)
� if j > dα	

Third derivatives:

T̂Wi�jk(θ�γi)= ∂3̂tWi (θ�γi)

∂γi�k ∂γi�j ∂γ
′
i
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=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
(
Ĝαα�ααi�jk(θ�αi)

′(Idα ⊗ λi) Ĝαααi�jk(θ�αi)
′

Ĝαααi�jk(θ�αi) 0

)
�

if j ≤ dα�k≤ dα�

−
(
Ĝαα�αi�j (θ�αi)

′(Idα ⊗ ek−dα) 0
0 0

)
�

if j ≤ dα�k > dα�

−
(
Ĝαα�αi�k(θ�αi)

′(Idα ⊗ ej−dα) 0
0 0

)
�

if j > dα�k≤ dα�(
0 0
0 0

)
� if j > dα�k > dα�

TWi�jk =E[T̂Wi�jk]=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
(

0 G′
αααi�jk

Gαααi�jk 0

)
� if j ≤ dα�k≤ dα�

−
(
G′
αα�αi�j

(Idα ⊗ ek−dα) 0
0 0

)
� if j ≤ dα�k > dα�

−
(
G′
αα�αi�k

(Idα ⊗ ej−dα) 0
0 0

)
� if j > dα�k≤ dα�(

0 0
0 0

)
� if j > dα�k > dα	

G.1.3 Derivatives with respect to the common parameter
First derivatives:

N̂W
i�j (θ�γi)= ∂̂tWi (γi� θ)

∂θj
= −

(
Ĝθjαi(θ�αi)

′λi
Ĝθi�j (θ�αi)

)
�

NW
i�j =E[N̂W

i�j

]= −
(

0
Gθi�j

)
	

G.2 One-step score and derivatives: Common parameters

LetGθαi(zit;θ�αi) := (Gθαi�1(zit;θ�αi)′� 	 	 	 �Gθαi�dα (zit;θ�αi)′)′, where

Gθαi�j (zit;θ�αi)= ∂Gθ(zit;θ�αi)
∂αi�j

	

We denote the derivatives of Gθαi(zit;θ�αi) with respect to αi�j by Gθα�αi�j (zit;θ�αi), and
use additional subscripts for higher-order derivatives.

G.2.1 Score:

ŝWi (θ�γi)= − 1
T

T∑
t=1

Gθ(zit;θ�αi)′λi = −Ĝθi(θ�αi)′λi	
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G.2.2 Derivatives with respect to the fixed effects
First derivatives:

M̂W
i (θ�γi)= ∂̂sWi (θ�γi)

∂γ′
i

= −(Ĝθαi(θ�αi)′(Idα ⊗ λi) Ĝθi(θ�αi)
′)�

MW
i =E[M̂W

i

]= −(0 G′
θi

)
	

Second derivatives:

M̂W
i�j (θ�γi)= ∂2̂sWi (θ�γi)

∂γi�j ∂γ
′
i

=
{−(Ĝθα�αi�j (θ�αi)′(Idα ⊗ λi) Ĝθαi�j (θ�αi)

′ )� if j ≤ dα�
−(Ĝθαi(θ�αi)′(Idα ⊗ ej−dα) 0

)
� if j > dα�

MW
i�j =E[M̂W

i�j (θ0�γi0)
]=

⎧⎨⎩−(0 G′
θαi�j

)
� if j ≤ dα�

−(G′
θαi
(Idα ⊗ ej−dα) 0

)
� if j > dα	

Third derivatives:

M̂W
i�jk(θ�γi)= ∂3̂sWi (θ�γi)

∂γi�k ∂γi�j ∂γ
′
i

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−(Ĝθα�ααi�jk(θ�αi)′(Idα ⊗ λi) Ĝθααi�jk(θ�αi)
′)�

if j ≤ dα�k≤ dα�
−(Ĝθα�αi�j (θ�αi)′(Idα ⊗ ek−dα) 0

)
�

if j ≤ dα�k > dα�
−(Ĝθα�αi�k(θ�αi)′(Idα ⊗ ej−dα) 0

)
�

if j > dα�k≤ dα�
−(0 0)� if j > dα�k > dα�

MW
i�jk = E[M̂W

i�jk

]=
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−(0 G′
θααi�jk

)
� if j ≤ dα�k≤ dα�

−(G′
θα�αi�j

(Idα ⊗ ek−dα) 0
)
� if j ≤ dα�k > dα�

−(G′
θα�αi�k

(Idα ⊗ ej−dα) 0
)
� if j > dα�k≤ dα�

−(0 0)� if j > dα�k > dα	

G.2.3 Derivatives with respect to the common parameters
First derivatives:

ŜWi�j (θ�γi)= ∂̂sWi (θ�γi)

∂θj
= −Ĝθθi�j (θ�αi)′λi�

SWi�j = E[ŜWi�j]= 0	
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G.3 Two-step score and derivatives: Fixed effects

G.3.1 Score:

t̂i(θ�γi) = − 1
T

T∑
t=1

(
Gαi(zit;θ�αi)′λi

g(zit;θ�αi)+ Ω̂i(θ̃� α̃i)λi

)

= −
(
Ĝαi(θ�αi)

′λi
ĝi(θ�αi)+Ωiλi

)
−
(

0
(Ω̂i −Ωi)λi

)
= t̂Ωi (θ�γi)+ t̂Ri (θ�γi)	

Note that the formulae for the derivatives of Appendix G.1 apply for t̂Ωi , replacing Ŵ by
Ω. Hence, we only need to obtain the derivatives for t̂Ri .

G.3.2 Derivatives with respect to the fixed effects
First derivatives:

T̂ Ri (θ�γi)= ∂̂tRi (θ�γi)

∂γ′
i

= −
(

0 0
0 Ω̂i(θ̃� α̃i)−Ωi

)
�

TRi =E[T̂ Ri ]= −
(

0 0
0 E[Ω̂i −Ωi]

)
	

Second and third derivatives:
Since T̂ Ri (γi� θ) does not depend on γi, the derivatives (and its expectation) of order

greater than 1 are 0.

G.3.3 Derivatives with respect to the common parameters
First derivatives:

N̂R
i (θ�γi) = ∂̂tRi (θ�γi)

∂θ′ = 0	

G.4 Two-step score and derivatives: Common parameters

G.4.1 Score:

ŝi(θ�γi)= − 1
T

T∑
t=1

Gθ(zit;θ�αi)′λi = −Ĝθi(θ�αi)′λi	

Since this score does not depend explicitly on Ω̂i(θ̃� α̃i), the formulae for the derivatives
are the same as in Appendix G.2.
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