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APPENDIX A: CLASSICAL COMPOSITE LIKELIHOOD ESTIMATORS

Asymptotic properties of composite likelihood estimators In a standard approach one
has a known DGP which produces a parametric density F'(y;, ) for an m x 1 vector of observables
yt, given a ¢ X 1 vector of parameters ¢ = (6, 7n), where 0 is ¢; x 1 and 1 is ¢ — ¢; x 1. When y; is
of high dimensions or contains latent variables, it may be difficult to use F'(y;, 1) for estimation.

The key idea of composite methods is to construct arbitrary sets of low dimensional densities
and to combine them for estimation purposes. This may be viewed as a divide-and-conquer method
of approximating the full likelihood.

Let f(yu € A;, ¢;) be sub-densities of F'(y;, 1) obtained by marginalizing (or conditioning on
portions of) F'(y;, 1), where A; isaset and ¢ = 1,..., K. For ease of reading, the integrals and the
conditioning sets are left implicit. Each sub-density defines a sub-model, has an associated vector
of parameters ¢; = [0, n;]', where 7; are (nuisance) sub-density specific, and has implications for
a sub-vector y;; of length T;. The elements of y;; need not be mutually exclusive across ¢ and T;

may be different than 7j. Given a vector of fixed weights w;, the composite likelihood is

CL(07 My« MK, Yits - - - 7yKT) = Hzlil f(yzt S Az‘, 0, nz)wz = Hfilﬁ(g, T/Z|yzt € Al)w’ (1)

Although CL(¢,y) = CL(0,m, ..., 1K, Y1t - - -, Yxr) is not a likelihood function, if ypr 4 =(y1, . . -

is an independent sample from F'(y;, 1) and w; are fixed, 0¢p, the maximum composite likelihood

estimator satisfies 0-1, £ 9 and
VT(0cr —0) 3 N(0,G™) (2)
for T' going to infinity, K fixed (see e.g. Varin, et al., 2011) where

G = HJ 'H Godambe information 3

J = wargu(¢,ypglw) Variability matrix 4
5

6

(3)
(4)
H = —Ey[Vou(o,ypglw)] Sensitivity matrix (5)
(6)

u(d, ypglw) = sz‘ Vo li(0, 1, yp1,9)  Composite scores

and /ol; (0, m;, ypg) are the scores associated with the log of f(y; € A;,0,m;), and H # J .
Consistency obtains because each sub-model ¢ provides an unbiased estimating function for

6. Since the ML estimator of each sub-model converges to the true parameter vector as T' in-

creases, o, L. Asymptotic normality holds because the sampling distribution of the maximum

likelihood estimator of each ¢ can be approximated quadratically around the same mode. ¢y, is

If T is fixed, but K — oo, and the sub-models are independent, the result still holds. On the other hand,
when {y;}Z_, has correlated observations similar results can be proved, see Engle et al. (2008). Note also that a
standard Newey-West correction to J(€) can be used if yj; 4 is not an independent sample.
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inefficient - G equals Fisher information matrix, I, only if the composite likelihood is the likelihood
of the true model. Careful choices w; may improve efficiency and optimal weights can be designed
by minimizing the distance between G and I, or by insuring that the composite likelihood ratio
statistics has an asymptotic x? distribution, see Pauli et al. (2011).

If consistency is all that one cares about, one could set w; = %, Vi or use a data-based approach,

exp(Gi)
I+3i5 exp(G)’
If these statistics are updated over time, w; could also be made time varying. There is a large

e.g. select w; = where (; are functions of some statistics of past data, ;= ((Y; [-r.q))-
forecasting literature (see e.g. Aiolfi et al., 2010) which can be used to select training sample-based
estimates of w; and to make them time varying.

The asymptotic properties of # depend on (71, ...,nx). In standard exercises 7; are assumed
to be known, so the dependence disappears. When 7; are unknown, but estimable a two-step
approach is generally implemented: 7; are estimated from each log f(y;; € A;,0,m;) and plugged
in the composite likelihood, which is then optimized with respect to 0, see e.g. Pakel et al. (2011).
Consistency of O¢, is unaffected as long as n; are consistently estimated, but standard errors need
to be properly adjusted. A two-step approach is convenient when K or the number of nuisance

parameters is large, since joint estimation of (6,n,...,nx) may be demanding.

Asymptotic properties of composite estimators under misspecification When f(y;; €
A, 0, n;) are not marginal or conditional representations of F'(y;, ), the previous conclusions need
to be modified. Let yp1 4 be a sample from F(y;,¢) with respect to some o-measure p. Suppose
model i with density f;(yp,®i), where ¢; € ® C R™ is a vector of parameters, is used in
the analysis and let its log-likelihood be [;(¢;) = >, 1og fi(y, ¢;) and let ¢y v = supy,li(ds).
Since T7'1;(¢;) — E(log fi(ypng, #5)), by the uniform law of large numbers, ¢; s, is consistent for
¢io = argmaxy, F'log fi(yp,4, i), where the expectations are taken with respect to F. If F' is

absolutely continuous with respect to f;:

(y[lt] ¥)
fz( lt ¢z)

Hence, ¢, is also the minimizer of K L;, the Kullback-Liebler divergence between F' and f;.

Let si(¢;) = Ve, In fi(y, &) be the score of observation ¢ and let hi(¢;) = Vg, si(¢i). If

Elogfi(yu,ﬂ,cbi)—ElogF(yu,ﬂ,@b)Z—/F(yu,t],@b)log —————=du(ypy) = —KLi(¢:) (7)

the maximum is in the interior of ®, >, si(¢;) = 0. First order expanding we have 0 ~
=053, s1(¢i0) + TV (bipar — Gip) where Vi = —E(hi(¢i0)) = VoK Li($i),=4,5- By the
central limit theorem for uncorrelated observations T%%(¢; arr — ¢io) ~ N(0,V1VaV/), where
Vo = E(s{(¢)51(0:)') gs=g.,» With the standard correction for V5, when y; 4 are correlated.

In typical applications s(¢;) are computed with the Kalman filter and are function of martin-

gale difference processes (the shocks of the model). Thus, >, si(¢;) = 0 holds. Further regularity
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conditions are needed for the arguments to hold precisely (see, e.g. Mueller, 2013).

The composite likelihood geometrically averages different f;(y;, ¢;), each of which is misspeci-
fied. Thus, the composite model is, in general, misspecified with density g(yi, - . -, Yrt, 0,71, - - - k)
= g(yi, ¢) = [ 1, fi(yir, $:)**. Repeating the argument of the previous paragraph, and under regu-
larity conditions discussed in Xu and Reid (2011), when w; are fixed, ¢¢ ., the composite likelihood
estimator, is consistent for ¢g 1, the minimizer of the KL divergence between the g and F'. Fur-
thermore, the scaled difference between ¢cr, and ¢cr o has an asymptotic normal distribution
with zero mean and covariance matrix Vo, = Vor1Ver2Vear where Vor o = E(sor(d)sori(6)'),
Vor: = —E[Vescri(¢)] and scri(¢) = Velng(y, ¢), all evaluated at ¢ = ¢cr. When the
sub-models have different sample size, one needs to let min7T; — oo.

When the weights are random, the asymptotic distribution of ¢; depends on (wy,...,wg). If
the estimators of wy,...wg converge to a fixed KL pseudo value wqy,...,wko, and no w; is on
the boundary of the parameter space, asymptotic normality still holds but the standard errors
for ¢, need to be adjusted for the randomness in w;. As long as the Godambe matrix is block

diagonal in (¢,w), one can ignore this extra uncertainty for inferential purposes.

APPENDIX B: ISSUES IN QUASI-POSTERIOR ESTIMATION

Drawing w; in MCMC algorithm There are various ways to draw candidate weights w;,
1 =1,...,K. If K is small, an independent Dirichlet proposal works well. If K is large, one
could first logistically transform the weights and use a random walk proposal for the transformed
weights. This approach has the disadvantage that the proposal is no longer a multivariate random
walk (in particular, it is no longer symmetric). Furthermore, one needs to compute the Jacobian
of the mapping, which may be tedious to code and may lead to numerical instabilities because of
non-linearities.

Our preferred approach is to use a proposal density which directly operates on the weights.
We call it 'random-walk Dirichlet’, since the expected value of the proposal is the last accepted
draw. Denote by w® the last accepted vector of weights, by w?P a proposal draw, and by A > 0
a scalar regulating the variance of the proposal. The proposal density is Dirichlet, denoted by
pp(wWP|w?, N), with parameter Aw®. Its mean is independent of A and equal to w®. The variance
of any element of wP is a decreasing function of A. In an initial adaptive phase, where draws
are discarded before computing posterior quantities, we adjust A so as to achieve a reasonable
acceptance probability (20-30%). This proposal density is not symmetric, and thus the acceptance
probability needs to be properly modified.

paragraphAsymptotic properties of MCMC estimators Let ycr be the maximum composite



likelihood estimator of x = (6,m1,...,0K,w1,...,wk) and let x, be the mode of the prior p(x).
Let both x¢, and x,, be in the interior of the parameter space. Let h(xcr) = —Vi log CL(xcr|ye)
and h(x,) = —Vi log p(x,). Expanding quadratically the composite posterior pcr(x|y:) we have

o< exp{log CL(xcrlye) — 0.5(x — xer) hxer)(x — xer) +1log p(xy) — 0.5(x — xp) " h(xp) (X — Xp)}
~ N hxew xp) ™) (8)

where x = h(xcr, xp) ' (h(xer)xer + h(xp)xp) and h(xcr, Xp) = h(xcr) + h(xp).

Under regularity conditions, p(x) vanishes as T' — oo. Then, almost surely, the strong law of

large number implies that

T 'h(xer, xp) — —E(V*log CL(Xoly:)) = H(Xo0) (9)
X = (T'hxcw xp) (T hxcr)xer + T h(xp)Xp) = Xo (10)

Thus as T — oo por(x|ye) = N(xo, T H(Xo)™!). Sufficient conditions that insure the above are,
for example, in Deblasi and Walker (2013). Rubio and Villaverde (2004) provide conditions which
are somewhat easier to verify in practice.

When yc¢r is not in the interior of the parameter space, for example, because w; — 0, for
some 7, 7; may become non-identifiable from the composite likelihood and the above may not
hold. If we let p(n;) = p(milyo:), where g, is a training sample of size T, letting both T an
T go to infinity, we will have that (9)-(10) hold for identified parameters while for those 7; for
which w; — 0, por(0i|ye, yor) = N(Hi, T~1H (9i0) 1), where 7 is, e.g., ML estimator for »; in the
training sample.

When weak identification problems are present, care must be exercised since, the properties

of w; may deviate from the standard ones stated in the text.

APPENDIX C: TILTING VS COMPOSITE PREDICTORS

We look for a predictive density p(z|y) solving:

p = argmin K'L(p(zly), f (2, ¢)) (11)
where z is any future sequence of y and ¢ a vector of parameters, subject to the constraint

fGlynd)y oo Gl 0)y
E,{log z.0) } = Ezpy=y{log z.0) }t=1,...,T (12)

and the normalization F,(1) = 1, where E, is the expectation with respect to the density p(z|y),

and f(z,¢) is any preliminary density of z, for example, its marginal. In words, we seek for the



predictive density which is closest in the KL sense to any preliminary density f(z,¢) and repro-
duces the same conditional expectation as the true density f(z|y, ¢) on functions log f(‘yt’l)b) Note
that when f(z) is disregarded, the problem becomes one of maximizing the entropy -E,[log p(z|y)],
subject to the constraints (12). The solution is p(z|y) = f(z, ¢) exp{>], & log L i |yt’¢)} K(ye, 0, &)}
where k(yy, ¢, ) is a normalizing constant, & are the Lagrange multipliers on the constraints (12).
p(z|y) has an exponential tilting format: we tilt f(z, ¢) in the directions spanned by log sz))
If & >0,>,& <1, then p(z|y) is the scaled version of the composite predictive density derived
in section 4.5 with wy = &, t =1,...,7 and wy = 1 — ), &, where wy is the weight on f(z, ¢).

Note that in this setup, w; satisfies the following (score) equation:

OF.y—,1 AR
=y log f,( |y¢wt):0, t=1,...,T (13)
&ut

Thus, it can be chosen to maximize the conditional expected logarithmic score (13).

APPENDIX D: THE MODELS OF SECTION 5.1

1) Basic model with quadratic preferences, constant interest rate, exogenous per-
manent and transitory income process. Let G = 1 + g be the growth rate of permanent

@y = ylyl. The log linearized conditions are

income. Let ¢; = %;a; =
Yy Yy

ét = é2t+1+(§t+1 (14)
@ = W(G/Gat 1 —a/Géy + yj — &) (15)
U= Uit (16)
i = il e 17)
& = a+uf (18)
R .

where ¢; is consumption, a; are savings, y; is income,p the persistence of transitory income, (1+7)
the gross real rate of interest (1 + )58 = 1, 0,7 = 1,2 the standard deviation of the transitory

and permanent income, and variables with a bar indicate steady state quantities.

2) Model with exponential utility, constant interest rate, exogenous permanent and
transitory income process. The instantaneous utility function is u(c) = 5 exp(—fc;), where

6 > 0 is the coefficient of risk aversion. The log linearized equations are:



. 1. .
—C = —Cq1+ H—E(Ut + éat) (20)

i = m<§&“ — Gl — oy — ) (21)
U = G o+ ey (22)
Ul = plig o+ ey (23)
Op = p204-1+ €3 (24)
& = & +9f (25)
a = a+9f (26)

where o, is the standard deviation of the permanent and transitory income shock, and ps the

persistence of the volatility process.

3) RBC model with separable CRRA preferences, labor supply decisions, capital
accumulation, endogenous interest rate, permanent and transitory technology shocks.
Letting o be the share of capital in production, v the risk aversion coefficient, § the capital
depreciation rate, n the inverse of the Frish elasticity of labor supply, and assuming that log ey,

has zero mean, the log-linearized conditions are

ve+nN, = Y, — N, (27)
A A r
vE = (1= )éger — e p 28
VC (1 —7)éarp1 — Y1 + Tyt (28)
o 2 2
ry = — K 29
Tt 1 T 7‘< t t 1) ( )

30
31

153
|

>
133
—~
—_
|
(o)
~—
133
—~
[u—

|
(o)
~—
| =

* : (30
C R

AY't — ?Ct —i— ?Kt + ?Kt,1 — = Cot+1 ( )

P= G+ + ey (32)

o= oGl + e (33)

ke = ki+9F (35)

(36)

Yt = ?jt+@f 36

where k, is the capital stock and N, is hours, (; the technology disturbance and p the persistence

of its transitory component.



4) Model with two types of agents optimizers and Rule of thumb (ROT) consumers,
constant interest rate, permanent and transitory income components. Let 1 —w be

the share of ROT consumers. The log linearized conditions are:

—yén = (1=7)éun —Yoen (37)
or = gl (38)
a; = m(“/%‘l — a/Gégy + Gyl — &6y (39)

9 = G+l + ey (40)
U= phl e (41)
by = eu+ gl (42)

I (43)

& = wéy + (1 —w)efor (44)

iy = a+ - (45)

where 7 is the coefficient of relative risk aversion and the superscript ROT indicate the variables

of the agents which do not save. We calibrate w = 0.2, (1 +r) = 1.01.

5) Model with two types of optimizing agents, liquidity and non-liquidity constrained,
constant interest rate, permanent and transitory income components. Utility de-
pends on durable and non-durable consumption, relative price of non-durable is ex-

ogenous. The log-linear conditions are:

by —dyy =
1 1—96
= (fr — 5 46
G (pt 1+ rptH) ( )
alt - dlt - ﬁt =0 (47)
pdy8(pr + Jlt) + Ciéy + yay =
(1 + r)dlélt—l —f- gtT — [(1 —f- T‘)dl — (1 — 5)]3(11)]@2,5 (48)
Cop — doy =
1 N
@(pt(l +Y(Be(1+7) = 1)) = Bo(1 = 6)pry1 +
(v = 1)Bo[to(L + 1) — (1 — 8)](€aors1 — Caloy — dodoyyr + dodars1)) (49)
pdad (Py + szt) + Gyl + Gty =
(1 + r)asag—1 + 95 — [(1 4 r)as — (1 — 6)pds)]éa (50)
a9 » 1—as, . 2
§2a2t + I 2 (Pe+dy) = 0 (51)



These equations have six unknowns (¢, éas, dy¢, dag, Gg, Goz ), given ! yf p;. The remaining equa-

tions are:

(’Y - 1)(523% — dQCZQt) +
1

W<62(1 + 1) (v — 1)(Cobors1 — Color — szj2t+1 + 6225%)) = [ (52)
it = Cu (53)

A+ = G (54)

du+ 9l = di (55)

O +én = 9f (56)

01?3?—1 +én = fg? (57)
paPr-1+ €3 = Dy (58)
UG = (59)

wéy+ (1 —w)éy = & (60)
way + (1 —w)ay = @ (61)
wdy + (1 —w)dy = d, (62)

where i=1,2, 1 — w is the share of liquidity constrained consumers and v the Cobb-Douglass share
of non-durable good d;; in the utility. (; = (1 — %ﬁ),@ =1 =0F((1=90)—-vA+r)—-1),¢
is the share of durable financiable with assets, o > [; and { is the Lagrange multiplier on the
liquidity constraint (in percentage deviation from steady states). We set w = 0.2,9) = 0.95, B =

0.05, (1 +r) = 1.01.

6) Ad-hoc model: CRRA preferences, permanent and transitory income, habit in
consumption ( d=habit parameter), an additional shock to the asset accumulation

equation ()M;) and three measurement errors in the observation equations



The log linear conditions are

_ﬁ(ét — (S/Gét—l + 5/Gé2t)

The measurement equations are:

(1 - V)éztﬂ - #(ét-‘rl - 5/Gét + 5/Gé2t+1) (63)

(G s —a/Gen) + (14 )T — 20 + ex)

64

G+Gp 1 + éx 65

(64)

(65)

UL+ (66)
G+ és (67)
&+l (68)
(69)

ar + gf 69

Cy = ét + Uyt (70)
Ur = Y+ un (71)
ay = &t + U3¢ (72)

whereuj; are iid measurement errors with variance 032, 7 =123

APPENDIX E: THE MODELS OF SECTION 5.2

1) Herbst and Schorfheide (2015) model

Yo = Ey(yee1) — %(Rt — Ey(m41) — Ev(2e41)) + 9¢ — Ee(ge41) (73)
T = BEy(me41) + £(ye — ) (74)

Ry = prB—1+ (1 — pr) (17 + d2(ye — g1)) + ERye (75)

2t = PrZ—1 T €2y (76)

9t = Pggt—1t Egyt (77)

where y; is output, m; inflation, R; the nominal rate, z; a technology shock, ¢g; a demand shock

and er; a monetary policy shock.
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2) Justiniano, Primiceri and Tambalotti (2010) model

Fr - A
yt+r aki+ (1 —a) Lt]
Y

UAJt—FIA/t—/;:t
aps+ (1 — a) wy

Vi EiTtern + Wheo1 + KS¢ + KApy

hBe? Ior e + h?j P he? :
(e =hB) (e —h) " (e =hB) (e —h) " (e —hB)(e¥—h)
hBevp, — he? | n eV — hﬁpbb

(7 —hB) (e —h) " " T —hd
R, + E, ()\t+1 — Zy1 — 7Aﬂt+1)
XUy

(1—0)Be"E, (ngrl - 5’t+1) +(1-(1-0)pe) E, P\tﬂ — Zt41 + Pra
G 4 s — €2VS" (i — i1 + 1) + B2V S" B, [zm - 2t+1}

Uy + ]z’tfl — %

(1—8)e (li;t_l . 2t> (1= (1= 8)e™) (i +iy)

1
+ w _K/w/\w +
1—|—ﬁ Wi—1 1+ 3 Eg 4 Gut
lw . 1+ By B R
— 1 + T+ B+
1+5t1 1+ T 1+ tTt+1
lw 1+Bbw pzﬁ N
2] — ———————————2Z + KA
1+Bt1 14+ ! !

TI]t — <VI:t + ?)t - 5‘t>

pRRt—l + (1 - PR) [%ﬁt + ¢x (jt - 33:)] + ¢dX[(ft - jt—l) - (33: - 'rt 1)] + nmp(t94)

. pk
Uy — — Uy
Yy

1. ¢. 1. pk.
—gt+ —Ct —lp Uy
g ) Y Y
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