1 Existence of a Concave Consumption Function

To show that (6) defines a sequence of continuously differentiable strictly increasing
concave functions {cr,cr_1,...,cr_ i}, we start with a definition. We will say that a
function n(z) is ‘nice’ if it satisfies

n(z) is well-defined iff z > 0

. n(z) is strictly increasing

(2)
(2)

. n(z) is strictly concave
(2)
) <

n(z

1.
2
3
4. n(z) is C? (its first three derivatives exist)
5
6. lim,|o n(z) = —00.

(Notice that an implication of niceness is that lim,on'(2) = co.)

Assume that some v, is nice. Our objective is to show that this implies v, is also
nice; this is sufficient to establish that v,_, is nice by induction for all n > 0 because
vr(m) = u(m) and u(m) = m'=?/(1 — p) is nice by inspection.

Now define an end-of-period value function v,(a) as

( ) BE; [ t+1 Vt-i—l(Rt—i-la +ft+1)] . (50)
Since there is a positive probability that &, will attain its minimum of zero and since
Rir1 > 0, it is clear that lim, o v:(a) = —oo and lim, o 0}(a) = co. So v.(a) is well-

defined iff a > 0; it is similarly straightforward to show the other properties required for
v:(a) to be nice. (See Hiraguchi (2003).)
Next define v;(m, c) as

vi(m,c) =u(c) + v (m — c) (51)

which is C? since v, and u are both C?, and note that our problem’s value function
defined in (6) can be written as

vi(m) = max vi(m,c). (52)
v; is well-defined if and only if 0 < ¢ < m. Furthermore, lim.ovi(m,c) =
lim 4y, v (M, €) = —00, % < 0, lim.o % = +o00, and lim., % = —o0. It
follows that the c;(m) defined by
ci(m) = arg max v;(m, c) (53)
0<c<m

exists and is unique, and (6) has an internal solution that satisfies

u'(ci(m)) = vy(m — c;(m)). (54)
Since both u and v, are strictly concave, both ¢;(m) and a;(m) = m—c;(m) are strictly
increasing. Since both u and b, are three times continuously differentiable, using (54)



we can conclude that c;(m) is continuously differentiable and
v} (a:(m))
u’(ci(m)) + 07 (ar(m))
Similarly we can easily show that c;(m) is twice continuously differentiable (as is a;(m))
(See Appendix 2.) This implies that v¢(m) is nice, since vi(m) = u(c,(m)) + v.(ar(m)).

ci(m) =

(55)

2 ¢;(m) is Twice Continuously Differentiable

First we show that c;(m) is C'. Define y as y = m + dm. Since U’ (ci(y)) — 0’ (ci(m)) =
o] (a,(y)) — v)(a;(m)) and at(y)d:st(m) —1_ Ct(y)d_’rr(;t(m)’
vj(a(y)) — vi(ar(m))
ay(y) — ay(m)
- (u/ (cr(y)) = v’ (eo(m)) | vi(anly)) — 02(8%(?”))) ciy) — ci(m)

ci(y) — ci(m) ar(y) — a;(m) dm

Since ¢; and a; are continuous and increasing, lim We@)-wlelm) g 4nq
dm—+0  cty)—ce(m)

: 03 (2 (y)) —b; (ae (m)) : u(ct(y))—uw'(ce(m)) | vi(ae(y))—vi(ac(m))
le}_)ﬁﬁr . ) e < 0 are satisfied. Then O O R (7 Erw e R 0 for

sufficiently small dm. Hence we obtain a well-defined equation:

vi(a¢(y))—vi(a¢(m))

ce(y) —a(m) _ au(y)—ar(m)
dm W (ct(y))—u'(ce(m)) + o3 (at (y))—vi(as(m)) *
ct(y)—ct(m) at(y)—a¢(m)

This implies that the right-derivative, c;"(m) is well-defined and

v} (a,(m))
u”(ci(m)) + v (ar(m))
Similarly we can show that ¢, (m) = ¢, (m), which means c,(m) exists. Since v; is
C3, ¢}(m) exists and is continuous. cj(m) is differentiable because v} is C!, ¢;(m) is C!
and u”(c;(m)) + v} (ar(m)) < 0. ¢/ (m) is given by
¢ m) = a;(m)vy’(ar) [u”(c:) + v (ar)] — UQ’(at)z [t (er) + a0y ()]
[u”(cr) + 07 (a)]

Since v}/ (a;(m)) is continuous, ¢/ (m) is also continuous.

¢ (m) =

(56)

3 Proof that T Is a Contraction Mapping

We must show that our operator T satisfies all of Boyd’s conditions.



Boyd’s operator T maps from C;(A,B) to C(A,B). A preliminary requirement is
therefore that {Jz} be continuous for any F —bounded z, {Tz} € C(R;,,R). This is
not difficult to show; see Hiraguchi (2003).

Consider condition (1). For this problem,

{Ix}(my)is  max | {U(Ct) + 0K, [F;fx (mt+1)]}

ct€[rme,Rmy

{Ty}(my)is  max | {u(ce) + BE, [Ty fy (mey1)] }

ct€[rme,Rmy

so x(e) < y(e) implies {Tx}(m;) < {Ty}(m,) by inspection.’
Condition (2) requires that {J0} € Cr (A, B). By definition,

1—p
&
J0 = : 0
{70} (m) el { (1 — p) +p }

the solution to which is patently u(<m;). Thus, condition (2) will hold if (km;)'~" is
F-bounded. We use the bounding function
F(m)=n+m"", (57)

for some real scalar n > 0 whose value will be determined in the course of the proof.
Under this definition of f, {T0}(m;) = u(km;) is clearly F-bounded.

Finally, we turn to condition (3), {T(z+(F)}(m:) < {Tz}(m:) + CafF (my). The proof
will be more compact if we define ¢ and a as the consumption and assets functions®
associated with Jz and ¢ and a as the functions associated with T(z + (F); using this
notation, condition (3) can be rewritten

u(c) + B{E(z + ¢F)}(a) < u(e) + p{Ez}(a) + Caf .

Now note that if we force the — consumer to consume the amount that is optimal for
the A consumer, value for the — consumer must decline (at least weakly). That is,

(@) + f{Ez}(a) < u(€) + f{Ez}(a).

Thus, condition (3) will certainly hold under the stronger condition

u(¢) + B{E(z + (F)}@) < u(e) + B{Ez}(a) + CaF
B{E(z+ CF)}(&) < B{Ez}(a) + CaF
BC{EF }(a) < CaF
B{EF }(a) < aF
B{EF }&) < F.

where the last line follows because 0 < av < 1 by assumption.®

'For a fixed my, recall that mg, is just a function of ¢; and the stochastic shocks.

2Section 2.7 proves existence of a continuously differentiable consumption function, which implies
the existence of a corresponding continuously differentiable assets function.

3The remainder of the proof could be reformulated using the second-to-last line at a small cost to
intuition.



Using £ (m) =n + m!'~? and defining G, = a(m;), this condition is
BE(T (@ Repn + &) ) —my P < n(l = BE T ))
=3
which by imposing PF-FVAC (equation (25), which says 3 < 1) can be rewritten as:
BE; [Ftl;f(&tntﬂ + &) 7] - my "’
n > -9 .

But since 7 is an arbitrary constant that we can pick, the proof thus reduces to showing
that the numerator of (58) is bounded from above:

(1= )BE: [Ty (@Resr + 01 /(1 — ) 7] + pBE: [T (@Rer) ] —my ™"
<(1—p)BE, [Fi;f((l — R)mMyReg1 + Opia /(1 — @))kp] + pﬁlep((l - ’_f)mt)lfp - miip

1/p\ 17P
=(1— Q)BE, [T (1~ B)meRegs + b /(1 — 9))' ] +m)~* (pﬂR” (@”’J—(RBR) ) —1>

(58)

1-p = 1— 1-p 1/ (Rﬁ)l/p
=(1—p)BE, [ ((1 — R)myRigr + O /(1 — 9)) 7] +my © pT -1
<1 by WRIC
(59)
<(1—p)BE, [[{(0/(1— ) "] =3(1— )"
We can thus conclude that equation (58) will certainly hold for any:
21 —p)yetr
(h e (60)

which is a positive finite number under our assumptions.
The proof that T defines a contraction mapping under the conditions (34) and (30) is
now complete.

3.1 Tand v

In defining our operator T we made the restriction km; < ¢; < km,;. However, in the
discussion of the consumption function bounds, we showed only (in (35)) that k,m; <
ci(my) < Rymy. (The difference is in the presence or absence of time subscripts on the
MPC’s.) We have therefore not proven (yet) that the sequence of value functions (6)
defines a contraction mapping.

Fortunately, the proof of that proposition is identical to the proof above, except that
we must replace £ with kpr_; and the WRIC must be replaced by a slightly stronger
(but still quite weak) condition. The place where these conditions have force is in the
step at (59). Consideration of the prior two equations reveals that a sufficient stronger
condition is

pB(R(1 —Fr-1))* <1



(B (1 = Rr_q) > 1
(pB)/1P (1 — (14 p/?Pr)™") > 1

where we have used (33) for Kr_; (and in the second step the reversal of the inequality
occurs because we have assumed p > 1 so that we are exponentiating both sides by the
negative number 1 — p). To see that this is a weak condition, note that for small values
of p this expression can be further simplified using (1 + p'/?Pg)™' ~ 1 — p'/?Pg so that
it becomes

(pﬂ)l/(lfp)pl/ppR > 1
(pﬁ)p(lfp)/ppll{ﬂ <1
Be'/PbL < 1.

Calling the weak return impatience factor Py = '/#bg and recalling that the
WRIC was P} < 1, the expression on the LHS above is fPg” times the WRIF. Since we
usually assume [ not far below 1 and parameter values such that Pg & 1, this condition
is clearly not very different from the WRIC.

The upshot is that under these slightly stronger conditions the value functions for
the original problem define a contraction mapping with a unique v(m). But since
lim,, o0 K, = K and lim,,_,o, RK7_, = F, it must be the case that the v(m) toward which
these vy_,’s are converging is the same v(m) that was the endpoint of the contraction
defined by our operator J. Thus, under our slightly stronger (but still quite weak)
conditions, not only do the value functions defined by (6) converge, they converge to the
same unique v defined by T.*
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41t seems likely that convergence of the value functions for the original problem could be proven
even if only the WRIC were imposed; but that proof is not an essential part of the enterprise of this
paper and is therefore left for future work.
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