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1 Online Appendix: Bivariate analytic example

In this online Appendix, we provide an analytical example to show the following results: First,
the equivalence between the solutions for an indeterminate LRE model using the methodology of
Lubik and Schorfheide (2004) and our proposed method. Second, there exists a unique mapping
between the alternative representations that can be considered using our augmented representa-
tion: The alternative representations are equivalent up to a transformation of the correlations

between the exogenous shocks and the forecast error included in the auxiliary process.

1.1 Lubik and Schorfheide (2004)

We consider the following simple model

1 1

y = Q*Et(yt+1)+9*Et($t+1)+€t (1)
) Yy
1

xp = G*Et(fftﬂ) (2)
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where g; < N(0, 02) and the corresponding forecast errors are denoted as

Nyt = Yt — Ee1(ye) (3)
Nay = Tt — E1(w) (4)



The LRE model in (1)~ (4) can be written in the following matrix form

[oS; = T'1Si—1 + Yey + 1y, (5)

where S = (yt, Tt, Et(ye+1), Et(ve41)) and n, = (145 154)"-

As the matrix I'g is non-singular, the LRE model in (5) can be written as

St =T1S1 + Ve + Iy, (6)
where
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Applying the Jordan decomposition, the matrix I'} can be decomposed as I'] = JAJ —1 where

the elements of the diagonal matrix A denote the roots of the system
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Assuming without loss of generality that |6,] < 1 and |6,| > 1, the system in (6) is indetermi-
nate because the number of expectational variables, { Ey(y;+1), Fy(z¢+1)}, exceeds the number of

explosive roots, 6. Defining the vector w; = J ~18;, the model can be represented as
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where the first block denotes the stationary block of the system and the second block is unstable.
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The adoption of Sims’ (2002) code, Gensys, to solve this model is not appropriate as it deals with
determinate models. After having obtained the representation in (7), Gensys would construct a

matrix ® such that premultiplying the system by a matrix [I —®] would eliminate the effect of



non-fundamental shocks. Equivalently, the matrix has to satisfy the condition
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I — @] =11, — @11, = 0. (8)
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Under determinacy, the matrix IIy is square and, assuming that it is also non-singular!, it is
N |

possible to solve for ® = II; (Hg) )

The approach in Lubik and Schorfheide (2004) modifies this intuition to account for the inde-

terminacy that characterizes the model in (7). Under indeterminacy, the matrix I, is a vector
with more columns than rows, implying that it is not possible to obtain a matrix ® that satisfies
the above condition in (8). Nevertheless, Lubik and Schorfheide (2004) apply a singular value
decomposition (SVD) to the matrix II to obtain
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vl = UiDuVj, (9)
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where D;; is a diagonal matrix and U and V are orthonormal matrices. In this particular
example, the matrix to decompose is Il = [a b}, where a = -6, and b = —0,0,/(6, —0,), and
the resulting SVD is

a b
mzwwzﬂdﬂk q, (10)
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where d = va? 4+ b%. Lubik and Schorfheide (2004) then proceed by defining the matrix ® as
0 O
o =11, (Vad 'UY) = |0 0 [

and premultiply the system in (7) by the following matrices

I —® Wit i I —® A11 0 Wi1,t—1 i
0 1 w2t 0 0 0 9y w2, t—1
I —o| (¥ I —®| |1I
+ ! e+ ! Nes (11)
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INote that Gensys obtains the matrix ® even when the matrix II, is singular by applying a singular value
decomposition.



where the second block represents the constraint that guarantees the boundedness of the solution,

b
wat = 0 <= Et(yt—‘rl) = _EEt(xt-i-l)' (12)

Importantly, given that the model is indeterminate, the last term in equation (11) differs from
zero and therefore non-fundamental disturbances affect the model dynamics. Solving (11) for the

endogenous variables, S;, the system takes the form

S; = f’{St_l + \i/*é't + ﬁ*nt, (13)
where
1
_ S, raN2 b/a
I'i= [04x2 B4x2] ) v = (g) —Qx(b/a)Q ’
0.b/a
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- —ab/d2 (1-— b2/d2)

II"=B,, = 2/ 02\  _p b1 12792
0, (b2/d?) —0,L(1—b2/d2)
—O,ab)d®  0,(1 — 0?/d2)

The last step that Lubik and Schorfheide (2004) implement is to express the forecast errors as a

function of the fundamental shock, ¢, and a sunspot shock, (;, as

Ny = —V1D1_11U.,1‘T’2€t + Vs (M&?t + Mg@) ) (14)
b

where Vi, = Ld —%]. Combining (13) with (14) and normalizing M, = 1, the solution to the
LRE model is

S; = fvlkStfl + \i/*Et + ﬁ*VQ (M&g + Ct) . (15)

This solution can be equivalently written in a form that explicitly includes the boundedness
condition in (12) for which wey = 0 and therefore Ey(yi11) = —2Ei(z141). Recalling that
St = (yt, xt, Bt (ye41), Ee(x441))’, the dynamics of the solution in (15) are now expressed as a
function of only one state variable,

2Note that the term —IT* (V,lDﬁl U’ \Ilg) €+ always equals to zero since (f[*Vl) = 0 by the properties of the

orthonormal matrix V.
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where d = \/62 + (0,0,)? /(0 — 0,2

1.2 Owur proposed methodology

We now provide the derivation of the solution for the LRE model in (5) and reported below in
equation (17) using the methodology proposed in this paper

F()St = F1St_1 + \If€t + Hnt‘ (17)
The methodology consists of appending the following equation to the original LRE model

W = Cwi-l T Vet = Negs

where v; denotes a newly defined sunspot shock and without loss of generality o = |6,|. Denoting
the newly defined vector of endogenous variables S; = (St,we) = (ye, 2ty Bt(yig1), Er(wp41), we),
and the newly defined vector of exogenous shocks &f = (&4, v4,)", the augmented representation
of the LRE model is

f‘Ogt = f‘ls't,1 + \i’éf + ﬁ’l’]t. (18)
Pre-multiplying the system in (18) by fg ! we obtain

Sy =T48, 1 + Wre? +1I*n,, (19)
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and the matrices {I'f, ¥*,II*} are the same as those found in (6). Applying the Jordan decom-
position, the matrix f’{ can be decomposed as f“{ = JAJ~!, where the elements of the diagonal

matrix A denote the roots of the system
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Assuming as in the previous section that |f,| < 1 and |0y > 1, then 1/a = 1/]6,| > 1 and
0, 0
0 1/«

system. While the original system in (17) is indeterminate, the augmented representation in (18)

the diagonal elements of the matrix Ao = correspond to the explosive roots of the

is determinate as the number of expectational variables, { E;(y+1), Ft(x¢+1)}, equals the number

of explosive roots, {6,,1/a}. Defining the vector w; = J~1S;, the model can be represented as

. wl,t A1 0 UA)Lt,l \IV{* R HT*

Wy = = + . i I Mg, (20)
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where the first block is stationary. Given that the second block is unstable, the following two
conditions have to be imposed to guarantee the boundedness of the solution. First, the linear

combination of the endogenous variables, s, is set to zero,

Ey(yi1) = —2Ey(zi11)

wor =0 (21)

woy =0 <= {

Second, the linear combination of fundamental and non-fundamental shocks also has to equal
zero. Therefore, the non-fundamental shocks, n,, become a function of the augmented vector of

exogenous shocks, &7,

Fpkok 1 Tokk A I - 9::: &t
nt:—(Hz,m> vy'ey = Ut:[ O ay] [ ] (22)



Considering equation (20), it is relevant to point out that the matrix ﬁ%fx differs from the cor-

responding matrix for the representation in which we incorporate the forecast error, 7, ,, defined

0.0 06
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Therefore, when the auxiliary process is written as a function of the non-fundamental shock, 7, ,
the restriction imposed on 7, to guarantee the boundedness of the solution also differs from the
one found in (22)

Apokok -1 )%k A 0 1 &t
N = - (HQ,y) SE = = lez—oy am—ey] [ ] (23)
0, ~ o, Vy,t

Importantly, from equations (22) and (23) it is possible to establish a relationship that links the

two non-fundamental disturbances {v,, v, +} and the exogenous shock &,

0, —0 0, —0
;- Ve, — ;- y

Vyt = I/yﬂg. (24)
We show below that equations (21) and (24) are crucial for the equivalence between the augmented
representations that include different non-fundamental shocks in the auxiliary processes that our

methodology proposes.

The augmented model in (20) is determinate as the second block has two explosive roots to match
the two expectational variables of the model. It is therefore possible to apply the approach in
Sims’(2002) to construct a matrix &, such that premultiplying the system by a matrix [1 —éx]
would eliminate the effect of non-fundamental shocks. Equivalently, the matrix has to satisfy the

condition

= A{*—cﬁgf;j;:o. (25)

Importantly, the matrix ﬂz*x is square under determinacy and, assuming that it is also non-

. . . -1
singular®, it is possible to solve for ®, = II}* (H;*w) .

3Note that Gensys obtains the matrix ® even when the matrix [13* is singular by applying a singular value
decomposition.



To solve the model, the system in (20) is then premultiplied by the following matrices
Io=®g| g _ 1 =% | | 0| fadige]
0 I wQ,t 0 0 0 Aoo ’uAJQ,t_l

AT I _&)x
& + 0 0

Mts (26)

where the second block represents the constraint that guarantees the boundedness of the solution,
wo = 0. Importantly, the augmented representation is determinate, and the last term of the
system in (26) equals zero. Nevertheless, the non-fundamental disturbance, v,;, affects the
dynamics of the original model through vector of exogenous shocks, & = (e, v4+)". Solving (25)

for the endogenous variables, the system takes the form

0z 0

Yt @, -0, 1 @,-02)
T 1 0 1
! = 02 Ei_q(zy) + gt + 62 Vgt (27)
E(ye1) | | @20 0 @ 02)
Ey(z441) 0, 0 0,

1.3 Equivalence of alternative representations under our proposed method

We now show that there exists a unique mapping between the alternative representations that can
be considered using our augmented representation: These representations are equivalent up to a
transformation of the correlations between the exogenous shocks and the forecast error included
in the auxiliary process. In particular, to rewrite the reduced-form solution for the augmented
representation that includes the non-fundamental shock, 7, ;, in the auxiliary process, we recall

equations (21) and (24) that we report below in equations (28) and (29)

E =
oy = 0 ) = =525, Ful(wen) (28)
wt:O
0, — 0 0, — 0
Vet = - Yo — — yVy,t (29)

0z 0z

Using the above equations, we can rewrite the system in (27) as a function of v, ;, rather than



Vgt

Yt 1 0 1
T de—ez ( ) Qze—ey eze—ey ( )
= x Et—l Yt —+ x Et —+ b 14 e 30
Et(yt—l—l) ‘92 _03: 0:1: Y
Ey(xi41) 0y — 0z 0y — 0y Oy —0y)

1.4 Equivalence of methodologies: Lubik and Schorfheide (2004) and our
proposed method

In this section, we show the equivalence of the representations obtained using the two method-
ologies. In equation (31) below, we report the solution for the endogenous variables, S; =

(yt, x4, Ee(y41), Et(x¢41))’, using the methodology of Lubik and Schorfheide (2004),

0, 1 Os
Yt (0y—02) , ) (0y—02)
z 1 6 9o—0 0 1 Y
N Err(ze) + 25 O s+ | g <M5t+<t>’ (31
E(yi+1) 0y—0,) (020 0y —0x)
Ei(z441) 0z L (ewg—zey) i Oa

where d = \/03 + (0.0,)* /(0 — 6,))2. We now report in equation (32) below the solution using

our methodology when we include the forecast error, 7, ;, in the auxiliary process
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Yt (0y—0z)
Tt 1

Et (Z/t+1) (Gy_zel.)
Ei(wi41) 0
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To show the equivalence between the two representations, we need to recall the restrictions that

each methodology imposed on the forecast errors, 7,, as a function of the exogenous shock, ¢,
and the additional sunspot shock. Following Lubik and Schorfheide (2004), we derived that

n, = —ViD U Wae; + Vo <M5t + Mg@) ;
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where we know that V' =
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b= —0,0,/(0, — 0,). Therefore, normalizing M¢ = 1, we obtain

al 4 b “
o= | P 4 (Mgt + Ct>
d —d
02 1 9 o [ — 9 - 0.
_ Y 7y (02—0y) | pf 7y (02—0y) ) 33
(02—0y)
Similarly, from the derivation using our methodology, we know that
Fpkok -1 Kk A I - Gj &t
Ny = — (Hz,m) ey = = b=y (34)
0 1 Vxﬂf

Comparing equations (33) and (34), we also point out that the sunspot shock introduced in
our representation, v, ;, has a clear interpretation: It is always equivalent to the forecast error
that is included in the auxiliary process. On the contrary, the sunspot shock, (;, in Lubik and
Schorfheide (2003) has a more complex interpretation and the authors provide a formal argument

to consider it as a trigger of belief shocks that lead to a revision of the forecasts.

We then combine equations (33) and (34) to establish the following relationship

0z 9, 0, - 6
Vig = [ L+ EyM et + Eyct- (35)

a2 (0, —0,)

Plugging this relationship in the solution in equation (32) obtained using our methodology, we
derive the solution in (31) derived using the methodology of Lubik and Schorfheide (2004). This
result shows that any parametrization in Lubik and Schorfheide (2004) has a unique mapping to
our representation. In particular, we now consider the parametrization Z\mf = M*(0) + M, where
M is centered at 0 and M*(0) is found by minimizing the distance between the impulse response
functions under determinacy and indeterminacy at the boundary of the determinacy region. We

can therefore write equation (35) as

Vg = 7(M™(0))er + ¢y (36)

2
where v, (M*(0)) = Z—g(%@%gy) + 6}F?’J\J"‘(O)] and v, = %’. Given a parametrization {M*(),0.}
and the normalization F [e;(;] = 0 in Lubik and Schorfheide (2004), we derive the corresponding

variance and covariance terms of the non-fundamental shock, v, ;, introduced in our approach as

05, (M*(0)) = 2 (M*(0))? +7o? (37)
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T, (M*(0)) = 7. (M*(6))0? (38)

The variance-covariance matrix of the shocks & = {e¢, v}’ can be written as

* _ Ug Us,vx(M*(e))
e (M7(6)) = LE,VAM*(@) o2, (M >>] | (3)

Implementing a Cholesky decomposition, the shocks & = {e,v7}’ can be written as

O¢ 0
| &t | _ * _ ULt

where Var(ut) = I and E(us) = 0. Finally, the parametrization in Lubik and Schorfheide (2004)

can be mapped to the solution we obtained in equation (32) as

0z 1 0,
Yt (0y—02) 0,—0)
€Ty 1 B ( )+ 0 1 O¢ 0 !
= ei t—1\ Tt 92; Oevg M*(0 N Cevn M*(0 2
Erluern) @,~0) 0 @ | | \/a’%x(M (0)) — (=)
Ey(w11) 0, 0o 0,

(41)
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